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In this study, we present the calculation of effective permittivity of a conductive NaCl solution with
embedded singlewall carbon nanotubes (SWCNTs) in the microwave and radio frequency range.
We show a strong dependence of the effective suspension permittivity and conductiviy on SWCNT
length at the same SWCNT volume fraction. The enhancement factor of electromagnetic energy
absorbtion significantly increases with nanotube length. Presented results can be applied for exper-
imental development of therapeutic and diagnostic SWCNT applications, including selective ther-
molysis of cancer cells and thermoacoustic imaging.
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Nowadays, carbon nanotubes are considered as perspec-
tive thermal contrast agents for microwave and radiofre-
quency exposing fields.1–7 The first experiment on carbon
nanotube-enhanced thermal destruction of cancer cells in
a radiofrequency field1 demonstrated a new possibility
for cancer treatment of deep tissues. The experimental5

and theoretical7 studies of singlewall carbon nanotubes
(SWCNTs) as thermal contrast agents for microwave
detection of breast cancer have also been reported. The
theoretical studies of SWCNT-enhanced microwave dis-
crimination of lesions are presented in Ref. [6].
Earlier in Ref. [4] we considered the mechanisms of

radiofrequency electromagnetic energy dissipation for dif-
ferent types of individual carbon nanotubes (singlewall and
multiwall carbon nanotubes and SWCNT bundles) embed-
ded in a conductive host. In the present paper we the-
oretically study for the first time the effective dielectric
parameters of SWCNT–saline suspensions in the frequency
range from 10 MHz to 1 GHz. We compare our theoretical
results with experimental data from Ref. [3]. For optimiza-
tion of possible future experiments on the realization of
high electromagnetic energy absorption enhancement, we
investigate the dependence of absorption enhancement on
SWCNT length.
Let us consider the effective dielectric parameters of a

SWCNT suspension in the microwave and radiofrequency
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ranges. According to experimental data3 the effective con-
ductivity of the SWCNT suspension linearly increases with
increasing SWCNT density from 0 to 1�12 mg/cm3 at fre-
quencies from 20 MHz to 1 GHz. This means that the
local fields inside the suspension are small and electro-
magnetic interaction between the tubes can be neglected.
In this case we can apply the Waterman–Truell formula8�9

adopted to estimate the relative permittivity of SWCNT
suspensions,10

�eff���= �h���+
1
3�0

∑
j

∫ �

0
�j���L�Nj�L�dL (1)

where �h is relative permittivity of the host media (NaCl
solution); �0 = 8�85 × 10−12 F/m; the function Nj�L�
describes the number density of SWCNTs of type j ,
length L and radius Rj ; the factor 1/3 in Eq. (1) is due
to the random orientations of the SWCNTs; �j���L� is
the axial polarizability of an isolated SWCNTs of type j
and can be calculated using the integral equation tech-
nique described in Ref. [4]. As was shown in Ref. [10], the
axial polarizability of all metallic tubes depends slightly
on nanotube radius, therefore we did not take variations
in radius into account and instead modelled all metallic
SWCNTs as being of a single type. For illustrative results,
we first took a suspension with two types of inclusions. An
inclusion had to be a zigzag SWCNT of one of the follow-
ing two types: metallic SWCNTs (15, 0) and semiconduct-
ing (14, 0). According to the equiprobability of SWCNTs
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of identical radii but different chirality in practically avail-
able SWCNTs, the ratio of the density of metallic tubes to
the density of semiconducting tubes was taken to be equal
to 1/2. Although we shall make calculations for a com-
posite of zigzag SWCNTs, all presented results are true
for composites with SWCNTs of different chirality. This
follows from the fact that the axial surface conductivity
[Eq. (24) in Ref. [11]] and axial tube polarizability [Eq. (2)
in Ref. [10]] are practically the same for all types of metal-
lic SWCNTs, whether chiral or achiral, of identical radius.
The conductivity of small radius (1–3 nm) semiconducting
tubes in the microwave and radiofrequency ranges does not
depend on the chirality, because it is determined mostly by
impurity doping mechanisms in SWCNTs. Therefore we
shall describe the semiconducting SWCNTs with only one
type zigzag (14, 0) SWCNTs with effective conductivity
	s (see below).
In all calculations the axial surface conductivity 	m of

metallic SWCNTs was taken using the Drude-law11 with
relaxation time 3�3× 10−14 s (see Ref. [10]). As theoret-
ically shown in Ref. [12] the substitutional doping can
lead to the increase of the semiconducting SWCNT con-
ductivity and slight variation of metallic SWCNT conduc-
tivity. Existing experiments at high terahertz frequencies13

and dc14 show that the conductivity of semiconducting
SWCNTs 	s is only several orders of magnitude lower
than the conductivity of metallic SWCNTs 	m, rather than
the many orders of magnitude expected from Drude the-
ory. This can be explained by impurities and atmospheric
oxygen doping in SWCNTs. The value 	s is an adjustable
parameter in our approach, because it can be varied with
variation of the technological method of SWCNTs prepa-
ration and purification. Comparison of our theoretical
results with experimental data of Ref. [3] suggests that the
value 	s should be 470 times lower than the conductivity
	m of metallic SWCNTs with the same radius. For exam-
ple, the axial surface conductivity of metallic (15, 0) and
semiconducting (14, 0) zigzag SWCNTs were taken in our
calculations respectively as
(i) 	m = 2�4×10−3+ i5�0×10−9 S and 	s = 5�1×10−6+
i1�1×10−11 S, at frequency 10 MHz and
(ii) 	m = 2�4×10−3+ i5�0×10−7 S and 	s = 5�1×10−6+
i1�1×10−9 S at frequency 1 GHz.

We shall demonstrate our numerical results in the radio
and microwave frequency range from 10 to 1000 MHz. We
describe the dielectric properties of NaCl solution in this
frequency range with the Cole–Cole relaxation function15

�h���= ����+ ��0�−����

1− �i�
w�
1−�

+ i
	sal

��0

(2)

The parameters of Eq. (2) were taken from measurement
data in Ref. [3] for normal saline (ultrapure water with
0.9% weight/volume of NaCl): ���� = 4�5, � = 0�02,
��0�= 76, 
w = 8�11×10−12 s, 	sal = 1�45 S/m.

For evaluation of the enhancement of electromagnetic
energy absorption due to the addition of SWCNTs in a
solution, we introduce a relative absorption rate

� = Ps

Ph

= Im��eff 


Im��h

(3)

where Ps and Ph are the powers dissipated in the SWCNT
suspension and in a pure suspension without SWCNTs,
respectively. It should be noted that when one introduces a
SWCNT into a conducing host medium such as saline, the
intense electric field in the host medium in the vicinity of
the SWCNT ends causes considerable absorption. This is
additional absorption in the host due to the presence of the
SWCNT, which must be added to the intrinsic absorption
of the SWCNT itself.
In laboratory measurements of solution samples sur-

rounded by air (i.e., solutions housed in a cuvette in a
testing chamber), one can assume that heat convection
and heat radiation from the suspension can be ignored.
In this case, � is equal to the relative heating rate of the
suspension

� = �T2/�t

�T1/�t
(4)

where �T2/�t ∝ Ps is the heating rate of the SWCNTs sus-
pension and �T1/�t ∝ Ph is the heating rate of the solution
without SWCNTs. Thus, � provides the increase in heating
due to the addition of the SWCNTs, which is a principle
quantity of interest.
Since the SWCNTs in the suspensions considered in

Ref. [3] have a range of lengths from 100 to 1000 nm,
and the exact distribution functions Nj�L� are not known,
we shall restrict consideration to suspensions consisting
of SWCNTs having identical length. In order to obtain
the real and imaginary relative permittivity to be close to
experimental results of Ref. [3], all SWCNTs were taken
to be of length L = 300 nm, and the volume fraction of
all tubes (conceived as cylinders of volume �R2

j L) was
f = �

∑
j R

2
j

∫�
0 LNj�L�dL = 4�1× 10−4 that corresponds

to carbon density �c = 1�1 mg/cm3, which is the same as
in experiments.3

The frequency dependence of real and imaginary parts
of effective relative permittivity of SWCNT–saline sus-
pension at different SWCNT densities are shown in
Figures 1(a) and (b) respectively. The value Re��eff�
slightly varies with frequency and significantly increases
with SWCNT density increasing. We found that within
the considered frequency range (10 MHz to 1 GHz) the
value �j���L� for metallic tubes does not depend on the
tube conductivity, remaining approximately the same at

 > 3�3×10−14 s. The value �j for semiconducting tubes
varies strongly with variation of tube conductivity. More-
over the value Re��j� for metallic tubes practically does
not depend on the frequency in the considered frequency
range, whereas the value Re��j� for semiconducting tubes
decreases with frequency increasing. Therefore we can
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Fig. 1. Frequency dependence of the real (a) and imaginary (b) part of
effective relative permittivity �eff of SWCNT–saline suspension at differ-
ent nanotube densities: 0 mg/cm3 (solid line), 0.55 mg/cm3 (dashed line),
1.10 mg/cm3 (dotted line).

divide the value Re��eff� into three parts: Re��eff�= �′
w +

�′
m + �′

s, where �′
w��� is the real part of relative permit-

tivity of normal saline (solid line in Fig. 1(a)), �′
m � 35

is the contribution from the metallic tubes, and �′
s��� is

the contribution from the semiconducting tubes, smoothly
varying from 18 (at 10 MHz) to 6 (at 1000 MHz). The
contributions of metallic and semiconducting tubes to the
value of Im��eff� are approximately identical.
The effective conductivity 	eff = �0�Im��eff 
 and rela-

tive absorption rate � of the SWCNT suspension at differ-
ent SWCNT densities are shown in Figures 2(a) and (b)
respectively. It should be noted that the data presented in

Fig. 2. Frequency dependence of the real part of effective conductivity
Re�	eff� (a) and relative absorption rate of SWCNT–saline suspension at
different nanotube densities: 0 mg/cm3 (solid line), 0.55 mg/cm3 (dashed
line), 1.10 mg/cm3 (dotted line).

Figures 1 and 2(a) approximately coincide with the exper-
imental data of Ref. [3]. In Ref. [3] 0.02% Pluronic F10
surfactant was added to the SWCNT suspension to prevent
SWCNT flocculation. Our calculations do not take into
account the pluronic coating of SWCNTs. However, as
shown in Ref. [4] the dielectric coating of a SWCNT can
enhance the absorption cross section of metallic SWCNTs
at low frequency (10 MHz) and slightly change the absorp-
tion cross section of metallic SWCNTs at higher frequency
(200 MHz). The experimental data in Ref. [3] does not
show significant variation of effective suspension conduc-
tivity with frequency variation. Therefore, we can con-
clude that the influence of pluronic coating on the effective
dielectric parameters of the suspension is not meaningful
in the experiments.
Figure 2(b) demonstrate twofold absorption enhance-

ment in SWCNT–saline suspension with nanotube density
1.1 mg/cm3 (volume fraction of 4�1× 10−4) in the broad
frequency range (from 10 MHz to 1 GHz).
Let us now consider the influence of SWCNT length on

the effective dielectric parameters of the SWCNT suspen-
sion. Figure 3 shows SWCNT length dependence of effec-
tive relative permittivity and relative absorption rate � of
the SWCNT–saline suspension at different frequencies and
the same SWCNT density. As shown in Figure 3 the val-
ues Re��eff 
, Im��eff 
 and � significantly increase with tube

Fig. 3. Frequency dependence of the real (a) and imaginary (b) part
of effective relative permittivity and relative absorption rate (c) of
SWCNT–saline suspension at different frequency: 10 MHz (dashed line),
1000 MHz (solid line) and the same SWCNT density �c = 1�12 mg/cm3.
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length increasing. The value Re��eff 
 reaches the value of
2000 at L = 3 �m, which is 16 times larger than was
obtained in experiments3 (the experiments only considered
SWCNTs up to L = 1000 nm). As shown in Figure 3(c),
at frequency 1 GHz the value � for SWCNTs of length
3 �m is 30 times larger than the value � for SWCNTs of
length 0.1 �m. The reason is the decrease of the impor-
tance of the depolarizing field in the metallic SWCNT with
increasing length, resulting in an increase in the current in
the SWCNT.
Thus we can conclude that the application of longer

SWCNTs (1–3 �m) for the enhancement of energy dis-
sipation is more effective than the application of shorter
SWCNTs (0.1–0.3 �m), which was also noted in Ref. [2].
The calculation shows that for longer tubes (0.6–3 �m)
the contribution of semiconducting tubes to the value of
Re��eff 
 is much smaller than the contribution of metallic
tubes, whereas the contributions of metallic and semicon-
ducting tubes to the value of Im��eff 
 are comparable with
each other. As was shown in Ref. [4], due to the screening
effect the application of individual SWCNTs for absorp-
tion enhancement is more preferable than application of
SWCNTs bundles. We suppose that in the experiments
of Ref. [3] the SWCNT suspension contains SWCNTs-
bundle together with individual SWCNTs. That is why the
authors of Ref. [3] obtained the value � = 2. Theoreti-
cal calculation presented in Figure 3(c) demonstrates that
the effective parameters of the SWCNTs suspension can
be several times (or even tens of times) larger than that
obtain in Ref. [3] if one utilizes suspensions containing
only individual, long-length SWCNTs.
In conclusion, we presented for the first time the cal-

culation of effective permittivity and relative absorption
rate for SWCNT–saline suspensions taking into account
finite-length effects in SWCNTs. The results of calcula-
tion are in accordance with the data presented in Ref. [3].
The strong dependence of effective dielectric parame-
ters on SWCNT length is demonstrated. Due to finite
length effects in SWCNTs, the application of long-length

individual SWCNTs for absorption enhancement is more
preferable than application of short-length SWCNTs. Pre-
sented results can be applied for experimental develop-
ment of therapeutic and diagnostic SWCNT applications,
including selective thermolysis of cancer cells and ther-
moacoustic imaging.
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