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Abstract
Black phosphorous (BP) is a well-known two-dimensional van der Waals (vdW) material with in-plane anisotropy
and remarkable electronic and optical properties. Here, we comprehensively analyze the near-field radiative heat
transfer (NFRHT) between a pair of parallel non-rotated BP flakes that occurs due to the tunneling of the coupled
anisotropic surface plasmon polaritons (SPPs) supported by the flakes. It is demonstrated that the covering of the
BP flakes with hexagonal boron nitride (hBN) films leads to the hybridization of the BP’s SPPs with the hBN’s
hyperbolic phonon polaritons (HPPs) and to the significant enhancement of the NFRHT at the hBN’s epsilon-nearzero (ENZ) frequencies. It is also shown that the NFRHT in the BP/hBN parallel-plate structure can be actively
switched between the ON and OFF states by changing the chemical potential of the BPs, and that the NFRHT can
be modified by altering the number of the BP layers. Finally, we replace hBN with α-MoO3 and explore how the
NFRHT is spectrally and strongly modified in the BP/α-MoO3 parallel-plate structure. We believe that the proposed
BP/polar-vdW-material parallel-plate structures can prove useful in the thermal management of optoelectronic
devices.
Keywords: Epsilon-near-zero materials; near-field radiative heat transfer; black phosphorous; hexagonal boron
nitride; α-MoO3

chemical potential of graphene in the infrared range [1922].

Following the pioneering work of Polder and Hove [1],
the near-field radiative heat transfer (NFRHT) has
attracted considerable attention in the last two decades
due to its promising applications in thermophotovoltaics
[2, 3], thermal rectification [4], electroluminescent
cooling [5], thermal diodes [6], and transistors [7]. While
the propagating waves contribute to the far-field
radiative heat transfer [8], the evanescent waves are
responsible for the heat flux in the NFRHT — also
referred to as photon tunneling.

Black phosphorous (BP) is often used as an
anisotropic plasmonic van der Waals (vdW) material for
the realization of enhanced NFRHT [23, 24]. It has a
tunable bandgap, ranging from 1.51 eV for a monolayer
BP to 0.59 eV for a five-layer BP, and a thicknessdependent anisotropic absorption coefficient [25]. The
latter feature implies that, unlike graphene, the SPPs of
BP exhibit anisotropic behavior [26]. Moreover, it has
been reported that the thermal conductivities of BP along
the zigzag and armchair directions are three orders of
magnitude lower than that of graphene at 300 K [27].
This makes BP a better candidate than graphene for the
heat management via NFRHT.

It is known that the NFRHT is considerably enhanced
due the excitation of surface polaritons [9, 10]. The
efficiency of the NFRHT can exceed the blackbody limit
by several orders in magnitude via the resonant coupling
of surface plasmon polaritons (SPPs) in structures
based on metals [11, 12], doped Si [1-14], and surface
phonon polaritons in heat transfer devices composed of
SiO2 [15], Al2O3 [16], and SiC [17, 18]. Moreover, it was
shown that due to the thermal excitation of isotropic
graphene SPPs, NFRHT between two closely spaced
parallel-plates of graphene can be strongly mediated,
enhanced, and tuned via the modification of the

Recent studies have revealed that the NFRHT is
greatly enhanced by the out-of-plane hyperbolic
plasmon polaritons or phonon polaritons (HPPs) of
metamaterials [28-32] as well as by the in-plane modes
of the graphene-based [33, 34] or BP-based [35]
metasurfaces. However, the dependence of the
maximum wavenumber of HPPs on the size of the unit
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cell and the associated fabrication complexity (due to
electron beam lithography or several film deposition
processes) of the hyperbolic metamaterials or
metasurfaces challenge their practical realization for the
NFRHT purposes.

=

Naturally hyperbolic vdW materials such as
hexagonal boron nitride (hBN) [36-38] and α-MoO3 [3940] have also been used to enhance the NFRHT. It has
been demonstrated that the NFRHT can be
mechanically tuned in twisted hBN films [37] or actively
modulated in graphene-hBN heterostructures [41-43].
Because α-MoO3 has different optical responses along
its three crystallographic directions, a similar mechanical
modulation of the NFRHT is observed for the twisted
films of α-MoO3 with differently aligned surfaces [40].
Despite a great deal of recent studies on this topic, the
active modulation of enhanced NFRHT in non-rotated
epsilon-near-zero BP/hBN and BP/α-MoO3 parallel-plate
structures has not been analyzed so far to the best of
our knowledge.

∞

− Θ(𝜔, 𝑇1 )]𝑑𝜔 ∬ 𝜉(𝜔, 𝛽𝑥 , 𝛽𝑦 )𝑑𝛽𝑥 𝑑𝛽𝑦 ,
−∞

(1)

where 𝑞 is net power per unit of area exchanged
between the parallel plates, Θ(𝜔, 𝑇𝑖 ) = ℏ𝜔/[exp (ℏ𝜔/
𝑘𝐵 𝑇𝑖 ) − 1] is the mean energy of a Planck oscillator at
angular frequency 𝜔 and temperature 𝑇𝑖 , ℏ is the
reduced Planck’s constant, ∆𝑇 = 𝑇2 − 𝑇1 , and 𝑘𝐵 is the
Boltzmann’s constant. Moreover, for the case of ∆𝑇 → 0,
Θ(𝜔,𝑇2 )−Θ(𝜔,𝑇1 )
∆𝑇

should be replaced with

𝜕Θ(𝜔,𝑇)
𝜕𝑇

. The energy

transmission coefficient or photon tunneling probability
for propagating (𝛽 < 𝛽0 ) and evanescent (𝛽 > 𝛽0 )
modes is given by [10]
𝜉(𝜔, 𝛽𝑥 , 𝛽𝑦 ) =

†
Tr[(𝐈 − 𝐑†2 𝐑 2 )𝐃12 (𝐈 − 𝐑1 𝐑†1 )𝐃12
],
{
†
†
†
Tr[(𝐑 2 − 𝐑 2 )𝐃12 (𝐑1 − 𝐑1 )𝐃12 ]𝑒 −2|𝑘𝑧|𝑑 ,

In the present paper, we comprehensively analyze
the NFRHT between two parallel non-rotated BP flakes
covered with hBN films [Fig. 1(b)]. It is found that the
coupling of the anisotropic plasmons of BP with the
hyperbolic phonons of hBN considerably enhances the
NFRHT near the edges of the Reststrahlen bands (RBs)
of hBN, where hBN exhibits the epsilon-near-zero (ENZ)
feature. We demonstrate the possibilities of the active
and passive tunings of the NFRHT through changing the
chemical potential and altering the number of layers of
the BP flakes. It is also shown that the replacement of
hBN with α-MoO3 allows one to efficiently manipulate the
spectrum of the NFRHT in the structure.

𝛽 < 𝛽0

𝛽 > 𝛽0

(2)

where 𝛽0 = 𝜔/𝑐, 𝛽 = √𝛽𝑥2 + 𝛽𝑦2 , and 𝑘𝑧 = √𝛽02 − 𝛽2 is
the perpendicular wave vector component in vacuum.
Here, the dagger denotes conjugate transpose, 𝑰 is a
2 × 2 unit matrix, 𝐃12 = (𝐈 − 𝐑1 𝐑 2 𝑒 2𝑖𝑘𝑧𝑑 )−1 , and
𝐑1,2 = (

𝑠𝑠
𝑟21,12
𝑝𝑠
𝑟21,12

𝑠𝑝

𝑟21,12

𝑝𝑝 )
𝑟21,12

(3)

includes the Fresnel’s reflections coefficients for the sand p-polarized plane waves incident from the vacuum
(medium 2) onto medium 1 and vice versa (see
supplementary material for more details). The first and
second letters of the superscript in each coefficient
indicate the polarization states of the incident and the
reflected waves, respectively.

Figure 1(a) shows a schematic of two parallel and
non-rotated N-layer BP flakes, which are separated by a
vacuum gap of width 𝑑 . The x and y axes denote the
armchair (AC) and zigzag (ZZ) crystalline directions of
the BP layers. In Fig. 1(b), the BP flakes are covered
with hBN films so that their optical axes are aligned in
the z direction. The top (emitter) and bottom (receiver)
layers are kept at constant temperatures of 𝑇2 = 310 K
and 𝑇1 = 290 K. The NFRHT is characterized by the heat
transfer coefficient (HTC), which measures the radiative
heat conductance per unit area in the units of W/(m2 K)
and is defined by the triple integral [10, 44]
ℎ=

∞
1
∫ [Θ(𝜔, 𝑇2 )
3
8𝜋 ∆𝑇 0

In agreement with Ref. [45], the details of derivations,
the permittivity of hBN, and the optical conductivity
𝜎(𝑁, 𝜇, 𝑇, 𝜔) of the N-layer BP (where 𝜇 is the chemical
potential of BP equal to the difference between the Fermi
level and the first conduction subband [25]) are provided
in the supplementary material. In what follows, we
calculate the spectral heat flux defined as the HTC per
unit photon energy (SHTC) and measured in the units of
W/(m2 K eV). We also assume that 𝑁 = 3, 𝜇 = 0.1 eV (or
𝑛 = 6.4 × 1012 𝑐𝑚−2 in agreement with the experimental
data in Ref. [46]) and 𝑑 = 20 nm, unless otherwise
stated.

𝑞
∆𝑇
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Fig. 2 Energy transmission coefficient 𝜉(ℏ𝜔, 𝛽𝑥 , 𝛽𝑦 ) of BP
parallel-plate structure for (a) ℏ𝜔 = 0.102 eV, (b) ℏ𝜔 =
0.146 eV, and (c) ℏ𝜔 = 0.198 eV. (d) spectra of energy
transmission coefficient along the x and y axes. Regions with
high values of 𝜉 in this panel highlight the support of anisotropic
SPPs by the BP parallel-plate structure.

Fig. 1 A pair of parallel (a) BP and (b) BP/hBN plates separated
by a vacuum gap of width 𝑑. The temperatures of the emitters
and receivers are 𝑇2 = 310 K and 𝑇1 = 290 K. (c) SHTC for BP
(dashed black curve) and BP/hBN (solid red curve) structures
with 𝑁 = 3, 𝜇 = 0.1 eV, and 𝑑 = 20 nm. Vertical dashed lines
are the edges of the RBs of hBN.

Figures 2(a)-2(c) show the plots of 𝜉(𝜔, 𝛽𝑥 , 𝛽𝑦 ) in the
(𝛽𝑥 , 𝛽𝑦 ) plane for photons of three energies incident onto
the BP parallel-plate structure. The emerging density
plots, determined by the conductivity tensor components
𝜎𝑥𝑥 and 𝜎𝑦𝑦 [Figs. S4(a) and S4(b)], represent two
branches of the coupled anisotropic SPPs of the BP
flakes. Note that the strong anisotropic response of BP
"
"
[i.e. 𝜎𝑦𝑦
≫ 𝜎𝑥𝑥
> 0] leads to the canalization of the
coupled SPPs along the AC direction (x-axis). The two
branches are clearly distinct at ℏ𝜔 = 0.102 eV [Fig. 2(a)]
while they merge at ℏ𝜔 = 0.198 eV [Fig. 2(c)] indicating
that the coupling is weakened by increasing the
frequency, and that the wavenumbers region of nonnegligible 𝜉 is getting narrower. Moreover, the tunneling
of the hybridized SPPs of the BP flakes leads to high
values of the energy transmission coefficients that are
recognized as the bright (𝜉 = 1) regions. The brightest
region in Fig. 2(b) correspond to the maximum SHTC of
the parallel-plate BP structure; i.e. to the dashed black
curve in Fig. 1(c) at ℏ𝜔 = 0.146 eV. Figure 2(d) shows
𝜉(𝜔, 𝛽𝑥 , 0) and 𝜉(𝜔, 0, 𝛽𝑦 ) of the coupled anisotropic
SPPs, which are notably different due to the strong
anisotropy of BP. It is also seen that the maximum value
of 𝜉(𝜔, 𝛽𝑥 , 0) is achieved over a broad range of
frequencies and a narrow range of wave vectors,
whereas the situation is reverse for 𝜉(𝜔, 0, 𝛽𝑦 ).

Figure 1(c) compares the SHTC of the BP and
BP/hBN parallel-plate structures. In agreement with the
results of Ref. [23], the SHTC of BP (dashed black curve)
reaches its peak of 3.1 × 105 at 0.146 eV. The proximity
of this value to the Wien’s frequency at 310 K (𝜆max 𝑇2 =
2898 μm K) indicates thermal occupation at this
temperature. The solid red curve in Fig. 1(c) shows that
the covering of the BP flakes with hBN films considerably
enhances the SHTC at the upper edges of the RBs of
hBN (i.e. at ℏ𝜔 = 0.102 and 0.198 eV), where hBN acts
as an ENZ medium. The SHTC in the BP/hBN structure
is also notably enhanced compared to the bare hBN
structure (Fig. S2). Furthermore, as discussed in Fig. S3,
the SHTC in the considered structure is higher than in
the case of the graphene/hBN parallel-plate structure
since HTCBP > HTCG .
To understand the origin of the enhanced NFRHT in
the considered structures, we next analyze their energy
transmission coefficients.
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and y axes. One can see that, outside the RBs, the
modes
predominantly
have
the
anisotropic
characteristics of the BP’s SPPs, whereas inside the RBII they inherit the isotropic features of the hBN’s HPPs in
the xy plane. It is also seen that the coupling of the HPPs
of hBN to the SPPs of BP along the AC direction gives
𝜉(𝜔, 0, 𝛽𝑦 ) its maximum values around the upper edge
of RB-I.

Fig. 3 Density plots of 𝜉(ℏ𝜔, 𝛽𝑥 , 𝛽𝑦 ) for hBN-covered BP
parallel-plate structure at (a) ℏ𝜔 = 0.102 eV, (b) ℏ𝜔 =
0.146 eV, and (c) ℏ𝜔 = 0.198 eV; horizontal dashed lines in (d)
are the edges of the RBs of hBN and the high-𝜉 regions
indicate the supported hybrid SPP-HPP modes.

It is known that the integration of an anisotropic 2D
material with other functional materials, such as
graphene [47] or hBN [48], modifies the supported
modes. This is confirmed by Fig. 3(a) where the bright
regions show that the hBN/BP parallel-plate structure
supports hybrid modes of a modified topology and the
corresponding 𝜉 reaches its maximum over a broader
area in the (𝛽𝑥 , 𝛽𝑦 ) plane for ℏ𝜔 = 0.102 eV, as
compared to Fig. 2(a). Note that here topology refers to
the trend of regions with high values of 𝜉. At this
frequency, which almost coincides with the upper edge
of the RB-I, hBN acts as an ENZ medium with 𝜀𝑧′ = −0.2
[see Figs. S4(c)]. The support of the hybrid SPP-HPP
mode at the hBN’s ENZ frequency leads to a more than
90-fold enhancement of the SHTC, which is represented
by the first peak of the solid red curve in Fig. 1(c). The
small values of 𝜉 at ℏ𝜔 = 0.146 eV [Fig. 3(b)] result in the
negligible SHTCs in Fig. 1(c). Figure 3(c) shows the EFC
of the hybrid SPP-HPP mode with energy 0.198 eV,
which is close to the upper edge of RB-II and
corresponds to 𝜀𝑥′ = −0.18. One can see that the
noticeable modification of the mode topology [cf. Fig.
2(c)] leads to higher energy transmission coefficients.
This explains the considerably high value of SHTC (=
23.4 × 105 ) evidenced by the corresponding sharp peak
of the solid red curve in Fig. 1(c).

Fig. 4 SHTC of the BP/hBN parallel-plate structure for different
values of (a) 𝜇 (𝑁 = 3, 𝑑 = 20 nm), (b) 𝑁 (𝜇 = 0.1 eV, 𝑑 =
20 nm), and (c) 𝑑 (𝑁 = 3, 𝜇 = 0.1 eV). (d) compares the SHTCs
of BP, BP/hBN, and BP/α-MoO3 structures for 𝑁 = 3, 𝜇 =
0.1 eV and 𝑑 = 20 nm. The vertical dashed lines in (d) are the
edges of the RBs of α-MoO3 and the resonances of the SHTC
for the BP/α-MoO3 parallel-plates occur at the upper edges; i.e.
the ENZ frequencies.

As the final point, we analyze how changing the
parameters of BP (𝜇 and 𝑁), altering the gap 𝑑 between
the plates, and replacing hBN with α-MoO3 modify the
NFRHT. The active tuning of the SHTC by varying the
chemical potential of BP, which is practically achievable
by gating [49], is illustrated by Fig. 4(a). It is seen that
outside of the RBs, the NFRHT can be switched
between the ON (𝜇 = 0.2 eV or 𝑛 = 3.3 × 1013 𝑐𝑚−2 ) and
OFF (𝜇 = 0.05 eV or 𝑛 = 1.3 × 1012 𝑐𝑚−2 ) states
indicated by the double-sided arrows. The ON/OFF
functionality comes from the tunability of BP SPPs. In
fact, outside of the RBs, the supported modes posses
characteristics of SPPs of the BP parallel-plate structure
that can be noticeably tuned by 𝜇. This property leads to
the tunability of the SHTC of the BP parallel-plate, as
discussed in Ref. 23 and shown in Fig. S5(a), and
consequently the active tuning of the BP/hBN parallel-

In Fig. 3(d) we plot the energy transmission
coefficient of the coupled SPP-HPP modes along the x
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plates’ SHTC. This feature is also observed for the ENZ
frequencies. It is also seen that the SHTC enhancement
grows from 11.0 × 105 to 368.3 × 105 for ℏ𝜔 = 0.102 eV
and from 15.5 × 105 to 30.6 × 105 for ℏ𝜔 = 0.198 eV
when 𝜇 is increased from 0.05 to 0.2 eV.

polar vdW materials (i.e. hBN and MoO3). However, it is
also possible to employ the other polar materials such
as SiO2 [15, 50], Al2O3 [16], and SiC [17, 18] to spectrally
modify the SHTC. This point has been already proved in
previous reports about graphene/SiO2 [50] and
graphene/SiC [51] parallel-plates. Consequently, for the
sake of completeness of our discussion, we have
investigated the SHTC in BP/SiC parallel-plate structure
in Fig. S7. As expected, the SHTC is spectrally shifted
however, the enhancement is not as strong as the
BP/hBN case.

It is known that the bandgap and, therefore, the
optical properties of the BP thin films are passively
tunable via the number of the layers [25]. Therefore, the
same feature is expected to be observed for the SHTC.
In agreement with the results of Ref. 23, Fig. S5(b)
exhibits that at, 𝜇 = 0.1 𝑒𝑉, SHTC of the BP parallelplates reaches saturated values for 𝑁 = 3, then it
decreases for the thicker BP films (𝑁 > 3). This behavior
is different for the case of BP/hBN parallel-plates. As Fig.
4(b) illustrates, for this case the SHTC is seen to be
relatively small for a single-layer BP (dashed blue curve)
but steeply grow for 𝑁 = 3 (solid red curve) and
saturates at the ENZ frequencies close to the upper
edges of the RBs for 𝑁 = 5 (dotted black curve). Since
efficient active tuning of the BP flakes is achievable for
thicker films [49], dotted pink curve in Fig. 4(d) proves
that it is still possible to obtain high values of the SHTC
at the ENZ frequencies for thick BP films (𝑁 = 10). Note
that we have investigated the SHTC for the other
numbers of the BP layers, as well. However, for the sake
of briefness, here the results for 𝑁 = 1, 3, 5 and 10 are
presented. Figure 4(c) also shows that increasing the
gap between the parallel-plates reduces the efficiency of
the NFRHT.

Summarizing, we have analyzed the NFRHT
between two parallel non-rotated BP flakes due to the
tunneling of the anisotropic SPPs supported by the
flakes. It was shown that the covering of the BP flakes
with hBN films leads to the hybridization of the BP’s
SPPs with the hBN’s HPPs and to the significant
enhancement of the NFRHT at the hBN’s ENZ
frequencies. We also demonstrated the possibility of
actively switching between the ON and OFF states of the
NFRHT by changing the chemical potential of the BP
and the possibility of modifying the NFRHT via altering
the number of the BP layers in the BP/hBN vdW parallelplate structure. The replacement of hBN with α-MoO3
showed the spectral and strong modification of the
NFRHT in the BP/α-MoO3 parallel-plate structure
compared to the BP/hBN one. Our results suggest the
high efficiency of the analyzed structures in the thermal
management of optoelectronic devices.
See the supplementary material for details of the
derivations, additional figures, and explanations.

The NFRHT in the BP parallel-plate structure can be
significantly modified by replacing hBN with another
phononic material from the vdW family — α-MoO3. The
comparison of the three spectra in Fig. 4(d) shows that
this replacement: (i) notably enhances the SHTC near
the ENZ frequencies of α-MoO3, once solid blue and
dashed black curves are compared (see also the plots
of the permittivities of α-MoO3 along the x, y, and z
directions in Fig. S6); (ii) spectrally modifies the SHTC
resonances, as the solid blue and solid red curves are
compared; and (iii) creates an additional resonance
around ℏ𝜔LO,𝑦 due to the in-plane anisotropy of α-MoO3.
Note that due to the in-plane and out-of-plane anisotropy
of α-MoO3, 𝜀𝑥 ≠ 𝜀𝑦 ≠ 𝜀𝑧 . This feature leads to the
appearance of three resonances at the ENZ frequencies
of α-MoO3 (i.e. at ℏ𝜔LO,𝑥 = 0.12051 𝑒𝑉, ℏ𝜔LO,𝑦 =
0.10551 𝑒𝑉 and ℏ𝜔LO,𝑧 = 0.12448 𝑒𝑉) at which 𝜀𝑥 , 𝜀𝑦 and
𝜀𝑧 obtain values close to zero, respectively. Moreover,
the main purpose of this study is to investigate SHTC in
parallel-plate heterostructures composed of BP and
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