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Abstract

A partial eigenfunction expansion of the electric-type dyadic Green's function used in aperture-coupled waveguide problems is
discussed in connection with the traditional Green’s function expansion in terms of the waveguide modes. Based on the
principles of distributions, the delta-function term is extracted from a double series, resulting in the complete representation of
the Green'’s function in the source region. This, in turn, is related to inclusion of the term with zero indices in the computation
of the double-series expansion, even though it does not correspond to any waveguide mode. The effect of exclusion of this
term from the series, and controversies gver published results in the analysis of slotted-waveguide couplers and radiators, are
illustrated.
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1. Introduction

complete representation of the electric dyadic Green’s func-

tion of ¢ylindrical waveguides and cavities has been actively
discussed over the past few decades, resulting in a good
understanding of the singular behavior of the Green’s function in
the source region. Nevertheless, there are controversies concerning
published results for the analysis of slotted waveguides (particu-
larly, for longitudinal and tilted slot coupling) that employed a par-
tial eigenfunction expansion of the glectric dyadic Green’s func-
tion. This paper is intended to clarify this disagreement by provid-
ing insight into the correlation between different forms of the
Green’s function.

Below we summarize some previous work on this topic. In
[1], the expansion of the electric dyadic Green’s function in terms
of solenoidal eigenfunctions [2] for the electric current source in a
rectangular waveguide was revisited by adding a deita-function
term to make this expansion complete in the source region, This
was generalized in [3] for a rectangular cavity for different
representations and types (magnetic vector potential and electric)
Green's dyadics, In [4}, an altemnative approach, using the theory
of distributions, was proposed to obtain a complete representation
of electric dyadic Green’s functions for rectangular waveguides
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and cavities, It was based on the solution of a vector potential
Green’s dyadic and the relation between electric and magnetic
Green’s dyadics. In [5], general expressions for the complete
expansions of electric and magnetic Green’s dyadics in the source
region were obtained in terms of solenoidal eigenfunctions with an
additional delta-function term introduced for the electric Green’s
dvadic. Also, complete expansions of different dyadic Green's
functions for cylindrical waveguides were presented in [6],
emphasizing the presence of the delta-function term. In [7], electric
and magnetic Green’s dyadics were given in connection with the
scattering from discontinuities in a hollow waveguide. The electric
Green'’s functions discussed above were obtained to represent the
electric field due to an electric-current source in the presence of a
perfectly conducting boundary (waveguide, cavity). A dual prob-
lem for the magnetic field due to a magnetic current involves the
magnetic dyadic Green’s function (or electric Green’s dyadic of
the second kind), wherein the delta-function term is introduced to
complete the expansion of solenoidal eigenfunctions in the source
region [81.

The above work is related to the analysis of the electric field
in the source region within an unbounded domain using a princi-
pal-volume integration of the free-space electric dyadic Green's
function [9-13], where different principal-volume geometries {pill-
box, sphere, slice, etc.) can be used. Also, it is important to note
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that thé délta-function term in the eleciric dyadic Green’s funclion
for waveguides is not a singularity of the Green's function, but
instead corresponds to its irrotaticnal part. The remaining solenoi-
dal-cigenfunction-expansion part of the Green’s function is highly
singular in the source region [14, 15], This was also pointed out in
[12] by comparing different forms of the electric Green’s dyadic
for the rectangular cavity.

An alternative representation of the electric (magnetic)
dyadic Green’s function for closed-boundary cylindrical
waveguides and cavities, due to the electric {magnetic) current
source, is the partial eigenfunction expansion [16-18). In this case,
the Green’s function is obtained as a series expansion over the

complete (in L2 (Q2), where Q represents the waveguide’s cross

section) system of eigenfunctions of a self-adjoint Sturm-Liouville
operatar (particularly, for cylindrical waveguides and cavities, the
transverse Laplacian operator), with the one-dimensional
characteristic Green’s functions in the drrection of propagation.
This type of expansion has been applied in [19] in the theory of
slotted rectangular waveguides, and later in the analysis of
cylindrical tubes [20, p. 301, and references therein] and
waveguide discontinuities [21]. In [4], this expansion was used in
the derivation of the vector-potential Green’s dyadic for rectangu-
lar waveguides and cavities. Electric dyadic Green’s functions for
a multilayered rectangular waveguide were developed in [22, 23]
in the analysis of shielded microstrip-like transmission lines. In [24
and references therein), the partial-eigenfunction-expansion
method was applied to obtain electric dyadic Green’s functions of
the first and second kind for a transversely layered rectangular
waveguide, with applications to waveguide-based aperture-coupled
patch arrays used in spatial power combiners.

It should be noted that the partial eigenfunction expansion of
the electric (magnetic) Green’s dyadic does not contain the delta-
function term separately, but it does represent a complete form of
the Green’s function in the source region. Regarding rectangular
waveguides coupled to an exterior region (waveguide, cavity, free
space), this expansion of different Green's functions (vector poten-
tial, electric, magnetic) was extensively applied to determine the
magnetic field due to the magnetic current source [8, 19, 25-31]. It
appears that the computation of the Green’s function in the form of
a partial eigenfunction expansion was not that straightforward, par-
ticularly in the directional waveguide couplers or waveguides
radiating in free space through longitudinal or tilted slots. For this
class of problems there is a term in a double series expansion with
zero indices (the (0,0) term) that corresponds to a contribution
occurring in the source region only. It should also be noted that the
(0,0) term does not represent a TEy, waveguide mode. It is obvi-

ous that this “mode” does not propagate in the waveguide, and this,
in tum, resulted in a dilemma, The question was whether to
exclude this term from the series expansion of the Green's func-
tion, or whether it must necessarily be included in the expansion to
guarantee the complete representation of the Green’s function in
the source region. In some papers, this term was “hidden” by not
showing the limits in the series expansion, but, for example, in
[26], it was clearly stated that “the term with (m,n}=(0,0) is
omitted.” In [32], it was demonstrated that the (0,0) “mode” is
associated with the “power stored” inside the waveguide and
should be included in the series. The discussion on this topic was
continued in a series of comments [33-35] based on [27}. Finally, it
became evident that the (0,0) term must be included in the Green’s
function series expansion.

The purpose of this paper is to attempt to clearly explain how
the inclusion of the (0,0) term in the series expansion of the

34

Green’s function makes its representation complete in the source
region. This is demonstrated by extracting the delta-function term
directly from the series expansion, using principles of the theory of
distributions. Moreover, it is shown that the delta-function term
can be extracted only if the (0,0) term is included in the series,
which is associated with completeness of eigenfunctions. Numeri-
cal results presented illustrate a comparative analysis for longitudi-
nally coupled waveguides and for waveguides radiating in free
space through longitudinal and tilted slots, emphasizing the impor-
tance of the (0,0) term to their frequency-dependent characteristics.

2. Problem Formulation and
Electric Dyadic Green’s Function

Consider an infinite rectangular waveguide with arbitrarily
shaped apertures (siots) S:; placed in the perfectly conducting
waveguide surface §,,, as shown in Figure 1. The waveguide inte-
rior is characterized by material parameters ¢ and u (in general,
¢ and g can include losses). The incident electric and magnetic
fields are generated inside the waveguide by an impressed electric

current source, Jy,,, {r}.re Vip © V. The integral representation

of the magnetic field inside the waveguide is given in a general
form for arbitrarily shaped and arbitrarily oriented slots; however,
in the analysis of the Green’s dyadic, we will be particularly inter-
ested in the ZZ component of the Green’s function associated with
the longitudinal slot. Also, it should be noted that the formulation
presented below for the waveguide part of the slotted waveguide
radiating in free space can be used in the analysis of waveguides
coupled through the slots, or any waveguide-based aperture-cou-
pled antennas, including microstrip and dielectric-resonator anten-
nas.

The solution for the waveguide coupled to some exterior
region is based on the integral-equation formulation for the equiva-
lent magnetic surface current density, K;, induced on the surface

of the apertures SZ. Thus, the total magnetic ficld inside the
waveguide can be obtained as [18]

H(r)= [ G, (r,r)e[ V'xFy, ()] a7
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Figure 1. An infinite rectangular waveguide with arbitrarily
shaped radiating slots.

IEEE Antennas and Propagation Magazine, Vol. 46, No. 5, October 2004



where K, (r)=~i;xE;(r), reS.; iy, is the normal to the sur-
face S} pointing inwards to the waveguide; and the distribution

G, (r,r') is the electric dyadic Green’s function of the second

kind obtained for an infinite rectangular waveguide as the solution
of the boundary-value problem

vxVxG,(r,r')-42G (re)=T8(r-r), rrev,
AxVxG,(r,r')=0, red, 2
0-G,(r,r)=0,res.

In Equation (2), §=5,, U(L_JS;), k=wue , R is the inward
i

normal to §, and we assume that (_}e is regular at infinity.

It should be noted that the volume integral in Equation (1) is
ostensibly taken over the entire source region. The distribution f}e
will be separated into 2 principle-value term (associated with
evaluating the integral of this term over a certain principle vol-
ume), and a source dyadic delta-function term (containing a
multiplicative factor that is associated with the same principle vol-
ume). This decomposition is not unique, since it depends on the
principle volume, although the sum of these two terms leads to the
unique field.

The components of the Green’s function are obtained in the
form of an expansion over the complete system of eigenfunctions

¥ @
(44 H _
@ (%,) of a transverse Laplacian operator, V,, —§+—2— ,
with the one-dimensional characteristic Green’s functions

fob (2,2}, @, B=x,y.z in the waveguiding direction,

o

o
Ggﬁ(J‘,y:ZQ-x’,)",z Z Z(o mn XY @mn(x y)fmn (Z Z)

m=0n=
(3)

Here, we are particularly interested in the ZZ component of the
Green’s function, which is obtained in the form {18]

GZZ r r k Z Z Ome()n [k2+?,3m _zym”ﬁ(z;zﬁ)il
m=0n=0
(rmrxj mrx J [mry] [mry') ¢ Tml*=7
cos cos cos €0§| —2 [—m—,
a b b ) 2r

(4)

2 2
where ¥, =\/(f!-£) +(%J -k% | and Eom IS the Neumann
a

index such that &, =1 for m =0 and &, =2 for m#0,

It should be noted that the partial eigenfunction expansion,
Equation (4), of the electric Green’s function can be obtained as a
direct solution of the problem in Equation (2), or by usmg a
relationship between electric, G, , and vector potential, G A

Green’s dyadics,
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G, (re)= [1 +—-VV)-GA{r ). ©)
For the zZ component, it reduces to
GZ(r,r)= (1+ L& JG"Z(r r) (6)
k* a2
where G7 (r,r') is obtained as [18]

2z SomBon mrx’
G7 (r,r) ZZ pr os[ p )cos( . ]

m=0nr=0
N g Frnlz2
cos[—nﬂchos[—nﬂy ]__e (7}
b b 2¥ mn

Derivatives in Equation (6) can be applied term-by-term in
the sense of distributions. Indeed, the resulting series for the elec-
tric Green's dyadic is divergent in the classical sense at z=z", but
the integral in Equation (1) of the Green’s function with suffi-
ciently smooth currents is well defined.

Also, it should be noted that the first term, (m,#)=(0,0), of

all components of the electric, Ggﬂ , and vector-potential, G5%

(diagonal tensor), Green’s dyadics vanishes, except for the iz
component. Although this combination of m and n corresponds to a

value of y,,. that is equal to that of the unbounded medium
{¥p0 = —Jjk), this term still represents a solution to the eigenvalue
problem for the differential operator V., ; it satisfies the boundary

conditions and, therefore, should not be discarded on the basis that
it does not represent a waveguide mode.

In fact, the exclusion of the (0,0) term from the series expan-
sion in Equation {4) violates the property of completeness of the
cross-sectional eigenfunctions. This can be shown by separating
the series, understood in the sense of distributions, into twe parts
as follows:

o

=]
GZ{rr)= -k%é‘(z -2y Z EU”’EO”

m=0n=0

mzrx) [m:rx'} [mry] [mry’J
08 00$ cos| —= |cos| ——
a a b b

—PV EomEon kZ
+k ,,%,,Zo ab ( +}"mn)

mrx J mrx' ( nr y) ( nry' ) Pl
cos| —— [cos cos| —= |cos) —2 [T,
a a b b 2 mn

(8)
where PV indicates a slice principle-volume integration [13] with
normal to the z-axis, which naturally arises from the one-dimen-

sional Green’s function £, (z,z') in Equation (3}, and where in

the first term in Equation (8) we have applied the distribytional
property (36]

S(z-2)e = 5(2-2). (9
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(In general, §(z-z') f(z-2"}=6(z~2") f(z=2") for f continu-
ous at z=2z"). Note that the decomposition in Equation (8), and
later in Equations (11) and (12), is equivalent to the procedure
described in [37, Sections 3.14 and 3.26]. The well-known spectral
expansion of the two-dimensional delta function (valid in
[0,a]x[0,5]) can be obtained as [17, 18]

D e

m=0n=0
cos[ ];y) os( b ] (10

Of course, the (0,0) term must necessarily be included in the
expansion of Equation (10) for the equality to hold in the distribu-
tional sense. Now, taking into account the spectral representation
of Equation {10), the expression for the ZZ component of the
Green’s function in Equation (8) can be written as

1 1 o o By
GE(rr)=——=8(r-r)+=5PV Y 0mEon (12 , 2
e (rr') 2 ( ) 2 m=0n§=0: ab [ J’mn)
(mzrx] (m:rx') [mry) [mry’ & Tmal?=2]
Cos cos| —— |cos| —— |cos| — |——.
a 4 b b 2V ma

(1)

It is worth noting that the first term in the series expansion,
(m,n)=(0,0), vanishes due to ¥2y =—k*. The remaining terms

correspond to the TE and TM propagating and evanescent modes
in the waveguide. The expression of Equation (11) for the Green’s
function explicitly shows that the delta-function term is extracted
from the partial eigenfunction expansion, which makes it complete
in the source region. It can be written in a similar form introduced
in [4] for the electric Green'’s dyadic due to the electric current

G, (rr")=PVIGo{r,r) - Lass(r-r). (12)
)

In the case of a longitudinal slot, the £ component of G2 (r,r)

can be written in the form

- I w© [re] mg n
G? (rr)——zzz om0 ( +ymn)
COs COs cos b T

(13)
It should be noted that the G2 (r,r') part (13) of the Green’s

dyadic, Equation (12), results in a divergent series when z =2,
even though x = x" and/or y = )’. This is associated with the slice-
pillbox exclusion volume of the source plane at 2",

While mathematically the existence of the (0,0) term is
necessary to satisfy completeness in the source region, this term
can also be regarded from a different perspective. Equation (4)
may be rewritten in the form
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N SV
Gf(r,r):—mé'(z—z)

+k—PVZ Z '";[k2+ymn—2ym (z z)]

m=0n=0
[mfrx) [m:rx ) (mry) (mz'y')e_;"""lz_zE
cos cOs cos| —= jcos -
a a b b 2¥ mn
(14)
where

0, m=n=0,
Egn =92, m=0o0rn=0,m=n,

4, mn=0.

The expression in Equation (14) implies that the (0,0)
“mode” exists in the source plane z—z', but is not allowed to
propagate in the waveguide (vanishes at any point z = z"). This
“mode” is associated with the “power stored” in the vicinity of the
source plane [32]. Note also that it has no variation with respect to
x or y variables, Still, this does not violate the boundary conditions,
as the longitudinal magnetic field should have the maximum value
on the perfectly conducting walls of the waveguide, including the
special case of a constant value all over the cross section. It is
worth mentioning that this term will also cccur in the dual prob-
lem: the electric field produced by a longitudinal electric current
source in a waveguide with perfectly magnetic walls.

In the class of problems where a longitudinal slot couples the
waveguide to an arbitrary exterior region {another waveguide, free
space, etc.), this term has a significant effect on the scattering
parameters. Regarding the application of tilted slots, where the
longitudinal component of the magnetic current is associated with
the zZ component of the electric dyadic Green’s function dis-
cussed above, this effect decreases as the slot tilts from the
longitudinal direction, until it vanishes for a transverse slot.

It was noticed, however, that some previous publications dis-
card this term explicitly [26] or implicitly [28]. The effect of
discarding this term will be illustrated in the next section.

3. Numerical Results and Discussion

The analysis of the Green's function presented in the previ-
ous section has been validated numerically and compared to the
numerical and experimental results published in the literature for a
few representative structures, including directionally (in the
waveguiding direction) coupled rectangular waveguides, and
waveguides radiating in free space through longitudinal and tilted
slots. In all examples, a standard hollow waveguide, of dimensions
2.286 cm x 1,016 ¢cm has been used to operate in the X band.

In the first example of two longitudinally coupled
waveguides, the results of the scattering parameters obtained using
a Method of Moments (MoM) numerical code, with the electric
dyadic Green’s function discussed in the previous section, and a
Finite-Difference Time-Domain (FDTD) commercial software
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~ package [38], are compared with the resulis published in [28). Fig-
ures 2 and 3 show the coupling coefficient (S3;) of a broad-wall
longitudinal slot coupler between two identical rectangular
waveguides with the common wall being of 0 mm and 2 mm thick-
ness, respectively. In both cases, the slot dimensions were 1.6 cm
x 1 mm, and its centerline was at 0.943 em from the narrow wall.
The results obtained by the MoM technique without the {(0,0) term
in the Green’s function expansion show good agreement with the
results presented in [28, Fig. 3], leading to the conclusion that this
term was missing in the calculation of the § parameters in [28).
The other two MoM curves in Figures 2 and 3 were obtained with
the (0,0) term in the expansion, and show good agreement with the
results generated by the commercial FDTD software [38]. Figure 4
shows the results for the same structure, but with a slot of dimen-

1 L
8 8.2 84 88 8.8 5 8.2 94 98 9.8 10
Frequency (GHz)

Figure 2. The coupling coefficient ( S3;) as a function of
frequency for a longitudinal-slot waveguide coupler with the
following dimensions: the waveguide was 2.286 cm x 1.016 cm,

the slot was 1.6 cm x 1 mm, the slot centerline was at 0.943 cm
from the narrow wall, and the wall thickness was 0 mm.

0.s . . y . . . "
0451 Mol with (0.0 ]
------ MoM withaut {0,0}
04F . t28] ]
0asl - FDTD 1
_ 0.3 1
o

848
Frequency (GHz}

Figure 3. The coupling coefficient ( 53, ) as a function of

frequency for a longitudinal-slot waveguide coupler with a wall
thickness of 2 mm.,
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Figure 4. The coupling coefficient (.S;;) as a function of fre-

quency for a longitudinal-slot waveguide coupler with the
following dimensions: the waveguide was 2.286 cm » 1.016 cm,
the siot was 1.56c¢cm x 1 mm, the slot centerline was at
0.643 cin from the narrow wall, and the wall thickness was
1.27 mm,

0.35 T T T

Q3|

MoM with {0.0)
------ Mo witheut {0,0)

02pT '
mmmme EDTD

0.15 ' L : L + s L L L
a 82 3.4 86 8.8 o 92 9.4 986 9.5 10

Frequency {GHz)

Figure 5. The return loss (.S, ) as a function of frequency for a

longitudinal-slot waveguide radiater with the following dimen-
sions; the waveguide was 2.286 em x 1.016 cm, the slot was
1.6 cm x 1 mm, the slot centerline was at 0.343 cm from the
narrow wall, and the wall thickness was 1.27 mm,

sions 1.56 cm x 1 mm and a wall thickness of 1.27 mm. Again, as
in the previous figures, the results obtained by the MoM technique
with and without the (0,0) term are compared to those published in
[28, Fig. 5] and to the FDTD results. It can be seen that the exclu-
sion of the (0,0) term results in erroneous values of the scattering
parameters, For this reason, we conclude that the results presented
in [28] (including the experimental data) are incorrect.

In the second example, the waveguide was radiating in free
space through the longitudinal slot, and the results obtained by the
MoM technique are compared to those generated by the commer-
cial FDTD software {38). Figure 5 exhibits the effects of the (0,0)
term on the scattering characteristics of the radiating waveguide.
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Table 1. A comparison of theory and experiment (| Sy |).

Tilt Theory Experiment | Theory with Theory
© [301 [301 (0,0) term | without (0,0)
term
5 0.1612172° | 0.1572167° | 0.1592176° | 0.1782176°
10 | 0.1722153° | 0.1682151° | 01702 156° | 0.189.2158°
20 0.2082121° | 0.203.2116° | 0.2057123° | 0.222./127°

In the third example, the results were obtained for the
waveguide radiating in free space through a tilted slot. Table 1
compares the results obtained from the present theory (with and
without the {0,0) term} for the return loss of a tilted slot radiator at
resonance on the broad wall of an infinite waveguide with those
obtained experimentally and theoretically in [30]. The waveguide
dimensions were the same as in the previous examples, the slot
dimensions were 1.6 em x 1.5875 mm, the wall thickness was
1.27 mm, and the slot center was at 0.381 cm from the waveguide
centeriine. The MoM numerical solution was based on the rooftop
expansion and testing with nine unknowns and used 50 x 50 terms
in the Green’s function expansion. It should be noted that the reso-
nance occurs at 9 GHz if the (0,0) term is included in the Green’s
function expansion, and at 8.8 GHz if it is not.

4. Conclusion

It was shown here that based on the theory of distributions,
the delta-function term can be extracted from the partial eigenfunc-
tion expansion of the electric Green’s dyadic for a rectangular
waveguide. It was also shown that the first term (the (0,0) term) of
the double series expansion, which does not correspond to any of
the waveguide modes, has to be included in the calculation of the
series to guarantee completeness of the eigenfunctions in the
source region. The effect of this term on the scattering characteris-
tics of directionally coupled waveguides and waveguides radiating
in free space through longitudinal and tilted slots was illustrated,
where the resulls obtained using the MoM and FDTD techniques
were compared to those published in the literature with and with-
out this term.
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ties for inadequately identified multiple submission range from
rejection of the paper and a formal warning to the author being
banned from publishing in IEEE publications for periods of years.

The key to all of this is very simple: if you use your own
prior work or someone else’s work or ideas, provide full credit and
citation!

Our Feature Articles

A layer of charge or current at the boundary of a material is
usually associated with a discontinuity in the electromagnetic field
at the boundary. Similarly, a discontinuity in the field is often

. assumned to have certain implications regarding surface charges
and/or currents at a material boundary. As Jack Nachamkin shows
i his feature article, the latter may or may not be true. He shows
that an accurate calculation of surface currents and charge layers at
a material boundary must include not only the electromagnetic
fields, but the stresses (and possibly the strains) and the transfer of

momentum at the boundary. He presents a correct method for cal- -

culating the surface currents and charges at a boundary, based on
momentum transfer. This more-complete picture of the interaction
among fields, surface currents and charges, and momentum at the
boundary of a material has significant implications for a variety of
interesting problems. In particular, it provides a basis for demon-
strating that spatially bounded spherical plasma regions are con-
sistent with the physics and mathematics governing eiectromag-
netic fields and plasmas. There is also basis for speculating that
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such plasma regions could have a degree of stability, This could be
a possible explanation for some forms of ball lightning. This is a
very thought-provoking article, with a variety of other potential
applications, as well, I urge you to read it carefully,

Raj Mittra has provided us with an interesting overview of
part of the field of computational electromagnetics. The emphasis
is on problems that challenge today’s computational methods and
resources, focusing on problems that have been worked on at the
EMC Laboratory at Penn State. The problems considered include
large planar arrays, a variety of problems involving frequency-
selective surfaces, conformal arrays, EMC/EMI problems on com-
plex platforms, coupling between aperture antennas in situations
where ray techniques cannot be used, and EMI for systems located
inside buildings. A description is given of several approaches taken
to addressing such problems, with particular emphasis on the
Characteristic Basis Function Method and on the Windowed Plane
Wave Spectrum approach, developed at Penn State. As stated in
the conclusion, it is hoped that other methods will be (and, per-
haps, alrecady have been) applied to some of the problems
described in this article. [ will add that where such results are or
become available, here is an invitation to share descriptions of
them with the readers of this Magazine,

There has been a substantial amount published on the com-
plete representation of the electric dyadic Green’s function for
cylindrical and rectangular waveguides. There has also been some
controversy telated to this, particularly in connection with whether
or not — and in what manner — the first, or “(0,0),” term in the dou-
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