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The Effect of Sample Holder Geometry on
Electromagnetic Heating of Nanoparticle

and NaCl Solutions at 13.56 MHz
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Sergey A. Maksimenko, Sarah Patch, Ebrahim Forati, and George W. Hanson∗

Abstract—Electromagnetic absorption and subsequent heating
of nanoparticle solutions and simple NaCl ionic solutions is exam-
ined for biomedical applications in the radiofrequency range at
13.56 MHz. It is shown via both theory and experiment that for
in vitro measurements the shape of the solution container plays a
major role in absorption and heating.

Index Terms—Electromagnetic absorption, metal nanoparticles,
nanoparticle solution.

I. INTRODUCTION

NANOPARTICLE solutions are being investigated for ther-
mal therapies and medical imaging technologies. In the

former, applications to cancer treatments dominate, in which
case electromagnetic energy is intended to cause localized heat-
ing of nanoparticles bound to cancer cells, or embedded in tu-
mors, resulting in the selective destruction of the diseased tissue
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[1]–[3]. In the latter, such as photoacoustic and thermoacoustic
imaging, electromagnetic energy is applied to a sample, gener-
ating heat, and subsequent thermal expansion, which produces
an acoustic wave that is measured by an array of acoustic sen-
sors [4], [5]. Differential heating in cancerous and noncancerous
tissue, for example, can be used to produce an image, and the in-
troduction of nanoparticles can provide contrast enhancement.
Both areas of application are being investigated at near-infrared
(NIR) and radiofrequencies (RF). The potential benefit of lower
frequencies is the large penetration depth of electromagnetic
energy in tissue, as well as the large volumes that can be inter-
rogated. However, much less is known about electromagnetic
heating of nanoparticle solutions at RF and other low frequen-
cies compared to at NIR. In particular, nanoparticle absorption
is very different at RF compared to NIR, where plasmonic ef-
fects are important. For in vitro experiments at low frequencies,
the sample container (typically containing milliliter volumes) is
immersed in the electromagnetic field, and container size and
shape play an important role in subsequent heating. This is not
the case at NIR, where all such macroscale samples are electri-
cally large and usually a collimated beam is applied to a small
area of the sample.

Absorption of RF energy by solutions of spherical nanoparti-
cles has been of considerable recent interest [6]–[14]. However,
for spherical nanoparticles, low-frequency absorption of energy
is predicted to be very small, and it has recently been shown both
experimentally and theoretically that spherical gold nanoparti-
cles in colloidal solutions are themselves minimally heating at
RF [15]–[18]. Heating is due to ionic content of the solutions,
and the size and shape of the solution container is important in
observing heating.

In this study, we focus on the effect of the shape of the solu-
tion container on RF electromagnetic heating, considering both
nanoparticle solutions and simple saline (NaCl) ionic solutions.
For in vitro measurements, the size and shape of the sample
holder becomes very important, as does the impedance mis-
match between the host medium and the sample. Assuming po-
larized electric fields, long thin cuvettes (e.g., test-tube like) can
show absorption several orders of magnitude larger than spheri-
cal sample holders (e.g., the bottom of some glassware), which,
in turn, can exhibit absorption that is much larger than thin disks
typically used for cell cultures (e.g., Petri dishes). Measurements
at RF (13.56 MHz) with various sample geometries containing
gold nanoparticle or saline solutions clearly show this effect.
We choose 13.56 MHz since this is in a low-frequency radio
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band reserved internationally for use in industrial, scientific,
and medical purposes; the RF generator employed in this study
operates at 13.56 MHz.

II. PERMITTIVITY OF NACL AND EFFECTIVE PERMITTIVITY OF

NANOPARTICLE SOLUTIONS

As a simple ionic solution, we consider NaCl, since its elec-
trical properties are somewhat close to blood, and because of
the importance of physiological saline in medical application.
For saline, the Cole–Cole formula is used

εs (ω) = εs (∞) +
εs (0) − εs (∞)
1 + (jωτ)1−α − j

σs

ωε0
(1)

where ω is angular frequency of the electromagnetic field, ε0 is
the vacuum permittivity, εs(0) = 76, εs(∞) = 4.5, α � 0.02,
σs = 1.45, and τ = 8.11 ps for normal saline (see [19]–[21] and
references therein). At 13.56 MHz, εs = 76.0 − j1922.2.

For nanoparticle solutions, we use the Maxwell–Garnett
(MG) homogenized effective medium permittivity εeff . For low
volume fractions of inclusions in a host medium, all such mix-
ing formulas are equivalent [22]. Assuming spherical inclusions
having isotropic relative permittivity εp in a host medium having
isotropic relative permittivity εh , then [23]

εeff = εh

⎛
⎝1 +

3fv

(
εp −εh

εp +2εh

)

1 − fv

(
εp −εh

εp +2εh

)
⎞
⎠ (2)

where fv = ρ0V is the volume fraction of spheres (ρ0 is the
number density of nanoparticles (m−3) and V = 4πa3/3 is
the nanoparticle volume with a being the nanoparticle ra-
dius). Assuming typical gold values εp � 1 − j6.1 × 1010 ,
and εh � 80 for water, such that for fv = 0.001 we have
εeff /εh = 1.003 − j1.2 × 10−11 , and therefore, we can approx-
imate the gold nanoparticle solution as having εeff � εh . This
is supported by recent experiment and theoretical work that
showed that spherical gold nanoparticles in colloidal solutions
are themselves minimally heating at RF [15]–[18]. Heating is
due to ionic (impurity) content of the solutions [15], [18]; it has
been shown that the conductivity of purified gold nanoparticle
solutions was the same as DI water, justifying εeff � εh .

Several comments on the validity of the MG effective per-
mittivity are in order. First, the MG permittivity assumes low-
volume fractions, such that mutual interactions among inclu-
sions are negligible. Here, we consider fv ≤ 10−3 , and assume
stable colloids. Second, the MG effective permittivity is inde-
pendent of the actual size of the inclusions, and, as such, is
an unrestricted theory in the sense that the resulting effective
permittivity can be used in the same manner as any dielectric
function [22]–[24]. In this study, this means that the effective
permittivity can be used for the determination of electromag-
netic absorption and subsequent solution heating. Extended ef-
fective medium formulations (typically formulated to account
for higher multipole effects), which depend on the actual size
of the inclusions, are restricted in their applicability, and gen-
erally cannot be used to compute absorption [22]–[24]. Third,
the MG permittivity assumes that the inclusions are stationary.

For nonspherical nanoparticles, one could consider a more gen-
eral effective medium consisting of prolate spheroids which can
rotate in an applied electric field via their permanent and/or
induced dipole moment [25], resulting in an anisotropic and
time-dependent medium. However, nanoscale objects exhibit a
very low Reynolds number [26] and such rotations are too slow
to respond to the applied field considered here. That is, neg-
ligible rotation can occur within a period of field oscillation
for the frequencies of interest, since the period at the lowest
considered frequency is 0.1μs and typical rotation periods are
on the order of milliseconds or longer [26]–[28]. Furthermore,
even at much lower frequencies one would need a stronger elec-
tric field than typically encountered in thermal applications to
overcome random thermal motion; potential energy of a dipole
moment p in an electric field E is W = −p·E/2, such that
|Wmax | = αE2/2. With α on the order 10−30 F · m2 as a typ-
ical value for long thin nanoparticles and electric fields on the
order of 102–103 V/m inside the solution, then, assuming room
temperature, W/kB T = 10−6 –10−4 , where kB is Boltzmann’s
constant and T is temperature. Thus, at the values of electric
field typical of thermal applications, no dipole alignment can
occur even if the frequency is sufficiently low. Similarly, any
translational motion is negligible for the same reasons. Fourth,
because the nanoparticles are immersed in an electrolytic so-
lution, double layers can form at the nanoparticle-electrolyte
interface [29], which can alter the dipole moment of the inclu-
sions. However, processes establishing double layers are rela-
tively slow, and double layer effects are most important below
the megahertz range [29]. For gold nanoparticles in both deion-
ized water and an ionic solution, it can be seen from Fig. 6
of [15] that double layer effects are unimportant above approx-
imately 1 MHz. Thus, for the frequencies of interest here, the
MG effective permittivity is an appropriate model.

III. EFFECT OF SAMPLE HOLDER SHAPE ON

ELECTROMAGNETIC ENERGY ABSORPTION AND

HEATING RATES

The end goal of employing nanoparticles for thermal thera-
pies or imaging is the generation of heat by the absorption of
electromagnetic energy. Electromagnetic heating of simple so-
lutions is also of importance in a variety of fields. The complex
effective permittivity is an important aspect of heat generation,
but the shape of the medium also plays an important role at
RF. In all cases considered here, samples are small compared to
wavelength, and so quasi-static conditions apply.

Upon application of an external electromagnetic field, for
the initial period of absorption and heating, conduction and
convection can be ignored and the heating rate (degrees/second)
of a material sample is given by

HR =
∂T

∂t
=

P

ρcpVs
(3)

where T is temperature (K), t is time (s), P is the absorbed
power (W), ρ is material mass density, Vs is the volume of the
sample, and cp is the material’s specific heat (here, we use the
density and specific heat of water, ρ = 1000 kg/m3 and cp =
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Fig. 1. Prolate and oblate spheroid geometries.

4.18 × 103 J/kg · K, although the specific heat will decrease
somewhat for NaCl solutions compared with deionized water).
The absorbed power is P = ωε0Im (−εs) |E|2Vs/2 where εs

is the relative permittivity of the sample, assuming a uniform
electric field E throughout the sample (which occurs for general
spheroids assuming quasi-static conditions). Then

HR =
ωε0Im (−εs) |E|2

2ρcp
. (4)

When the electrical properties of the sample are different from
that of the region surrounding the sample, the actual field inside
the sample E is quite different from the applied (external) field.
The interior field will depend both on electrical properties of the
sample (permittivity) and sample geometry. In the following, we
assume that a saline or saline-nanoparticle solution is contained
in a spheroidal sample of given shape, and we ignore the effect of
the sample holder material (i.e., the thin glassware containing
the solution, which has very low absorption—the validity of
this assumption was verified by the HFSS simulation discussed
later).

For the sample holder, we assume a general spheroidal
shape, with a = b being the semiminor (prolate) and semimajor
(oblate) axes, and c is the semimajor (prolate) and semiminor
(oblate) axis of the sample, as depicted in Fig. 1.

Assuming an external electric field Eext polarized along an
axis of the spheroid, the resulting quasi-static electric field inside
the sample Eint is [30]

Eint =
1

1 + N (εs/εhs − 1)
Eext (5)

where εhs is the relative permittivity of the material that serves
as host of the sample (in the experiments described shortly,
this medium is air), and N is the dimensionless depolarization
factor along the direction of the electric field. The depolarization
factors are

Nc =
1 − e2

p

2e3
p

ln
(

1 + ep

1 − ep
− 2ep

)
(6)

for a prolate spheroid (a = b < c), and

Nc =
1 + e2

o

e3
o

(
eo − tan−1 (eo)

)
(7)

for an oblate spheroid (a = b > c), where ep =
√

1 − a2/c2 ,
eo =

√
a2/c2 − 1, and Na = Nb = (1 − Nc) /2.

Long thin samples (cuvette or test-tube-like) and flat disk
(cell-culture-dish-like) samples are of obvious interest. For a
prolate spheroid in the needle limit, Nc → 0 and so Eint →

Fig. 2. Absorption cross section versus sample aspect ratio for a 1.5 mL saline
spheroid at 13.56 MHz.

Eext . For an oblate spheroid in the disk limit, Nc → 1 and so

Eint =
1

1 + (εs/εhs − 1)
Eext =

εhs

εs
Eext . (8)

Obviously, when |εhs/εs | � 1 such as occurs for nanoparti-
cle and saline solutions in air, the interior field will be greatly
reduced from the exterior field. This can also be thought of
as an impedance mismatch issue, i.e., if εs = εhs the interior
field is the same as the exterior field for any geometry object.
Disk-shaped objects such as used in cell cultures will exhibit
considerably less heating than other sample geometries, and
the maximum possible electric field will be found in long thin
samples oriented parallel to the electric field.

It is also instructive to consider the absorption cross sec-
tion Ca (m2) of the sample. Absorption cross section is ab-
sorbed power divided by incident (external) intensity (I =
|Eext |2 /2ηhs W/m2 , where ηhs =

√
μhs/εhs is the intrinsic

impedance of the external medium) [31]. Fig. 2 shows the ab-
sorption cross section of a spheroid containing a normal saline
medium as a function of sample aspect ratio A = cs/as for a
1.5 mL saline filled spheroid immersed in air at 13.56 MHz. It
is seen that in the extreme limits disk-like objects (with field
parallel to the disk normal) have approximately seven orders of
magnitude smaller absorption compared to needle-like objects.

IV. EFFECT OF SAMPLE SHAPE ON HEATING RATE:
COMPARISON WITH MEASUREMENT

As discussed eralier, for in vitro measurements at RF fre-
quencies the sample holder shape plays an important role in
heating ([32]–[33] show a similar effect for whole-body absorp-
tion). To demonstrate this, we have performed measurements at
13.56 MHz on various sample holders containing normal saline
and gold nanoparticle colloidal solutions (Ted Pella, #15711-
20: 100-nm-diameter nanoparticles at 5.6 × 109 cm−3 concen-
tration). Samples were placed between the transmission and
reception heads of an RF generator (Therm Med LLC Kanzius
machine; see Fig. 3) [34].
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Fig. 3. Experimental setup for 13.56-MHz measurements.

Fig. 4. Container shapes containing solutions. Left to right: sphere (1 mL),
tube (0.65 mL), prolate spheroid (0.7 mL), oblate spheroid (1 mL), dish (1 mL).

This generator consists of a power source coupled to the
transmission/reception heads that are arranged in a coaxial end-
fired configuration. The spacing between the transmission (top)
and reception (bottom) heads was 30.5 cm, and a sample was
placed at 5 cm below the top head. The E-field orients to the
vertical direction. Note that the sample size is much smaller than
the heads, and the E-field is expected to be reasonably uniform
across the sample volume.

The temperature of the solutions was monitored with a fiber-
optic temperature probe (LumaSense Technol. LUXTRON 812
Thermometer with STB Probe) immersed into the solution.
Measurements were performed at a power level of 25 W, for
which the electric field at the location of the sample is estimated
to be 2.5 kV/m and approximately vertically oriented. The sam-
ple containers were made from quartz and are shown in Fig. 4.
At 13.56 MHz, the permittivity of normal saline from (1) is
approximately 76.0 − j1922 (σ � 1.45 S/m), and the measured
permittivity of the nanoparticle stock solution was 100 − j55
(σ � 0.04 S/m). For the nanoparticle stock solutions, the large
effective conductivity and the associated absorption are due to
residual ions in the stock solution (i.e., due to the host medium
of the nanoparticles εh , rather than due to the nanoparticles
themselves) [15]; therefore, for the stock solution, we have
εeff � εh = 100 − j55.

Fig. 5 shows the measured temperature rise profiles of nor-
mal saline contained in the five different shaped sample holders.
Fig. 6 shows the same thing for gold nanoparticle colloidal so-
lutions. In all cases, the temperature probe was positioned in the

Fig. 5. Measured temperatures of normal saline contained in different
spheroids at 13.56 MHz. The dotted line at 0.01◦C level indicates the reso-
lution of temperature reading.

Fig. 6. Measured temperatures of 100-nm Au-NPs stock solution contained
in different spheroids at 13.56 MHz. The dotted line at 0.01◦C level indicates
the resolution of temperature reading.

middle of the sample. The volumes of the sample holders are
noted in the caption of Fig. 4. The figures show a dramatic con-
trast (note the logarithmic scale) between the tube and prolate
spheroid sample holders, which demonstrate a steep tempera-
ture rise, and the other sample shapes (sphere, oblate spheroid,
and dish), which do not show any measurable increase for the
same time interval. The gold nanoparticle solutions in the tube
and prolate spheroid show slightly higher heating rates than for
the saline case. This is due to different electrical conductivities
of the background ionic solutions: 1.45 S/m for normal saline
versus 0.04 S/m for gold nanoparticle solution [15]. The better
absorption at σ = 0.04 S/m is consistent with theory as follows.
For a given conductive medium spheroid, when conductivity is
either zero or tending to infinity there will be no absorption.
So, for some finite nonzero value of conductivity there will be
maximum absorption. For a small prolate spheroid and a small
sphere, equations for the value of conductivity that maximizes
absorption are given by (30) and (37), respectively, in [35]. As
an example, the value of conductivity that maximize absorption
for a small 7-mm radius sphere (similar to that used here) with
real-part permittivity 100 is σ = 0.074 S/m. Thus, the value of
the conductivity of the nanoparticle stock solution is nearly op-
timal for a spherical sample, and absorption is expected to be
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Fig. 7. Electric field distribution in the saline-filled prolate spheroid and tube
sample holders (dimensions given in text) with (bottom row) and without (top
row) a meniscus model. Applied field is 2.5 kV/m. For the cases without menis-
cus, in the prolate spheroid |E| = 81.88, 81.81, and 81.81 V/m at the tube
center (z= 0), 1/3 of the distance from the tube center (z = 9 mm), and 2/3 of
the distance from the tube center (z= 18 mm), respectively, and for the tube,
the corresponding values are |E| = 123.84, 113.49, and 80.27 V/m. For the
bottom row (with meniscus), the corresponding values are prolate spheroid:
|E| =77.07, 74.54, and 66.39 V/m, tube:|E| =122.66, 112.11, and 79.10 V/m.

larger than when σ = 1.45 S/m. The conductivity dependence
predicted in [35] was experimentally verified in [18] (see Fig. 9
therein).

For the simulation, the samples were modeled using the
finite-element electromagnetic simulator HFSS (ANSYS Cor-
poration) to obtain the total absorbed power and electric field
distribution. For the prolate spheroid and tube sample hold-
ers, the HFSS-determined electric field distribution is shown
in Fig. 7. The dimensions of the sample holders are roughly
the same as in the measurements (prolate spheroid: major axis:
30 mm, minor axis: 2.5 mm, N = 0.0153; tube: radius = 2 mm,
length = 53 mm). Regarding the top row, which shows the
field in the absence of a meniscus, a few observations can be
made concerning the field distributions: 1) the field in the prolate
spheroid is uniform, consistent with quasi-static theory, 2) in the
prolate spheroid the value of the field is |E| = 81.88 V/m, also
consistent with the prediction of (5) which gives |E| = 81.34
V/m, 3) despite the prolate spheroid and tube having similar
dimensions, the field in the tube is quite inhomogeneous, with
|E| = 123.84 V/m in the tube center, larger than the correspond-
ing value in the prolate spheroid.

The bottom row of Fig. 7 shows the effect of the presence
of a meniscus using a crude nonself-consistent hemispherical
model of meniscus (the top hemispherical region is air and the
remainder of the tube is filled with normal saline). The presence
of a meniscus considerably alters the field in the vicinity of the
meniscus, but has a moderately small effect on field values else-
where in the sample. It can be seen that much higher electric
fields are found in the meniscus region, as shown in the closeup

Fig. 8. Electric field distribution in the vicinity of a meniscus model. Applied
field is 2.5 kV/m.

TABLE I
COMPARISON OF SIMULATED [COMPUTED USING HFSS AND (9) AND (10)] AND

MEASURED HEATING RATE (DEGREES/S) FOR NORMAL SALINE AT 13.56 MHZ

TABLE II
COMPARISON OF SIMULATED [COMPUTED USING HFSS AND (9) AND (10)]
AND MEASURED HEATING RATE (DEGREES/S) FOR GOLD NANOPARTICLE

STOCK SOLUTION AT 13.56 MHZ

Fig. 8 for the tube case, consistent with our experimental obser-
vations that sometimes sparking occurs in this region (when RF
power greater than 100 W was applied).

The adiabatic heating rate was then calculated (appropriate
to the early time of heating, before conduction and convection
become important), based on total absorbed power

HRG =
P

ρcpVs
(9)

where P is absorbed power in W. As described previously, for
ρ and cp , we assume values for water. One could also define a
local adiabatic heating rate based on the electric field at a point

HRL(r) =
1
2 σ |E(r)|2

ρcp
. (10)

The experimental temperature probe locations was near the
middle of the sample. The measured and simulated heating rates
are summarized in Tables I and II. The measured heating rates
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were determined over the first 1–2 s of heating for the tube and
prolate samples (which heated quickly), and 100 s for the sphere,
oblate, and dish samples (which did not heat appreciably even
for long time periods). The resolution of temperature reading is
0.01◦C, and therefore, the resolution of heating rate reading is
estimated be 0.01◦C/s for a time span of 1 s, or 0.001◦C/s for
a 10-s span. For the sphere, dish, and oblate spheroid cases the
measured rate is an upper bound, and accurate measurements
are not available due to the minimal heating involved.

The tables confirm the general trend predicted by HFSS and
quasi-static theory based on (5), showing the importance of
sample container shape on heating rate. Thus, in drawing con-
clusions on the heating ability of a solution, it is important to
use an appropriately shaped container (e.g., Petri-type dishes
in a vertically aligned field will show little or no heating, even
though the substance itself may be a very good RF absorber).
This is a particular aspect of lower frequency work, as opposed
to typical NIR measurement where the wavelength is signifi-
cantly smaller than the container size. The lower heating rates
for the sphere, oblate, and dish geometries are due to the fact
that the interior electric field (5) is much lower than for the tube
or prolate spheroid case. We attribute the difference between
measurement and simulation to be due primarily to uncertainty
in the actual value of electric field applied to the sample (heat-
ing rate depending on the square of this field value), and to a
possible variation of the applied field over the sample volume.
It should be noted that we only report the heating rate at the
very early stages of heating. Convection and conduction effects
quickly lead to a nonlinear response, as evidenced in Figs. 5 and
6. These effects will play an important role in overall heating, but
need to be considered by more sophisticated models (especially
convection), which is beyond the scope of this study.

One purpose of this study is to demonstrate that at lower
frequencies the shape of the container holding a nanoparticle
solution (or any conductive solution) for in vitro measurements
plays an important role, and subsequent heating must be con-
sidered in the light of container shape. However, this also points
to similar effects for small animal whole-body studies. For ex-
ample, a long, thin subject immersed in an RF field and oriented
parallel to the field will allow a larger electric field to penetrate
into the interior compared to a more spherical subject. Body
shape must be properly accounted for in the interpretation of
subsequent heating results.

V. CONCLUSION

Electromagnetic absorption and heating of nanoparticle solu-
tions has been examined at 13.56 MHz. It has been shown by
theory and experiment that for linearly polarized electric fields
it is important to take into account container shape and orien-
tation when measuring electromagnetic heating of samples at
RF.
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