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A model is developed for a parallel-plate waveguide formed by graphene. The graphene is
represented by an infinitesimally thin, local two-sided surface characterized by a surface
conductivity obtained from the Kubo formula. Maxwell’s equations are solved for the model fields
guided by the graphene layers. It is shown that despite the extreme thinness of its walls, a graphene
parallel-plate waveguide can guide quasi-transverse electromagnetic modes with attenuation similar
to structures composed of metals, while providing some control over propagation characteristics via
the charge density or chemical potential. Given the interest in developing graphene electronics, such
waveguides may be of interest in future applications. © 2008 American Institute of Physics.
�DOI: 10.1063/1.3005881�

I. INTRODUCTION

Graphene, a two-dimensional version of graphite, con-
sists of a planar atomic layer of carbon atoms bonded in a
hexagonal structure. Intrinsic graphene is a zero bandgap
semiconductor that is very promising for emerging nanoelec-
tronic applications.1 Graphene’s transport characteristics and
conductivity can be tuned by either electrostatic or magneto-
static gating, or via chemical doping,2–4 leading to the pos-
sibility of various electronic devices.5,6 In addition, graphene
is stable and extremely rigid and can exhibit ballistic trans-
port over at least several hundred nanometers. A recent re-
view of graphene physics is provided in Ref. 7.

In addition to dc transport devices, there has been con-
siderable interest in developing graphene devices extending
to microwave frequencies and beyond.8,9 Although it has
only recently become possible to fabricate graphene,2 cur-
rently graphene flakes larger than 100 �m are possible,10

with sizes continuing to grow as fabrication methods are
refined and new methods are developed. Large-area graphene
opens up the possibility of applications in the microwave and
far-infrared regimes. Electromagnetic surface waves guided
by graphene were considered in Refs. 9 and 11 and other
electromagnetic field–graphene interactions were studied in
Refs. 12–16.

In this work, a model is developed for the analysis of
graphene sheets forming a parallel-plate waveguide �PPWG�.
The dominant, quasi-transverse electromagnetic �quasi-
TEM� mode supported by the waveguide is studied, where it
is shown that the modal field pattern, field confinement, and
attenuation can be competitive with much thicker-walled or-
dinary metallic PPWGs at GHz and far-infrared frequencies.
All units are in the SI system, and the time variation �sup-
pressed� is ej�t, where j is the imaginary unit.

II. ELECTROMAGNETIC MODEL OF GRAPHENE

Figure 1 depicts two laterally infinite graphene sheets
spaced a distance d apart and immersed in a layered medium,
where all material parameters may be complex valued. Each
graphene sheet is modeled as an infinitesimally thin, local
two-sided surface characterized by a surface conductivity.
This model of graphene follows from the two-sided conduc-
tivity surface approach developed in Ref. 17 for carbon
nanotubes, which was applied to local isotropic graphene in
Ref. 11 and to nonlocal anisotropic graphene in Ref. 12. The
conductivity � can be determined from the Kubo
formalism,18 and an explicit expression is19
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where � is radian frequency, 	 is energy, �c is chemical
potential, � is a phenomenological electron relaxation time
��−1 is the scattering rate� that is assumed to be independent
of energy, −e is the charge of an electron, � is the reduced
Planck’s constant, and fd�	 ,�c ,T�= �e�	−�c�/kBT+1�−1 is the
Fermi–Dirac distribution, where kB is Boltzmann’s constant
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FIG. 1. Graphene PPWG �side view� formed by two graphene sheets, each
characterized by surface conductance �a,b.
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and T is temperature. The first term in Eq. �1� is due to
intraband contributions, and the second term is due to inter-
band contributions. For the cases considered here the intra-
band term dominates and can be evaluated as

� = �intra = − j
e2kBT

��2�� − j�−1�

�� �c

kBT
+ 2 ln�e−�c/kBT + 1�	 . �2�

Assuming a two-dimensional �laterally infinite� structure
consisting of planar layers of isotropic materials with normal
along the x-axis, electromagnetic fields can be separated into
transverse electric �TE� and transverse magnetic �TM� fields
with respect to a lateral coordinate. Here the waveguiding
axis is chosen as the z-axis, and from source-free Maxwell’s
equations the TMz fields in each region are
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leading to the wave equation
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where ki=

ik0, i=1, 2, 3 is the wavenumber in region i, 
i

is the relative permittivity of region i, and k0=�
�0
0

=� /c is the free-space wavenumber �c is the speed of light
in vacuum�. The boundary conditions to be enforced at ma-
terial interfaces are

x̂ � �H+ − H−� = Js = �E ,

x̂ � �E+ − E−� = 0, �7�

lim
x→��
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where Js �A/m� is an electric surface current on the bound-
ary, E+ and H+ are the fields on the upper side of the inter-
face, E− and H− are the corresponding fields on the lower
side of the interface, and � is the interface conductivity
�units of S, not S/m�. The solution of Eq. �6� can be written
as Hy�x�e�j�z, where � is the unknown propagation constant.
The resulting dispersion equation for the guided modes is

�ca + cb�cos 2d + �cacb + 1�j sin 2d = 0, �9�

where

ca = �
21


12
��1 +

�a1

�
1
0
�−1

, �10�

cb = �
23


32
��1 +

�b3

�
3
0
�−1

, �11�

i
2=ki

2−�2, and Im�1,3��0. If the dependence on the plate
separation vanishes �i.e., when �a=0 and 
1=
2, or �b=0
and 
2=
3�, then it is easy to see that ca+cb=cacb+1, and
Eq. �9� becomes

�ca + cb�ej2d = 0. �12�

In this case, �ca+cb�=0 is the dispersion equation for
plasmon-polaritons �TM modes� of a single graphene sheet
embedded at the interface of two dielectrics, as given in Eq.
�37� in Ref. 11. In all other cases, it is convenient to write
Eq. �9� as

tan 2d = j
ca + cb

cacb + 1
. �13�

In the special case of �a=�b=0, Eq. �13� reduces to the
well-known result for an asymmetric dielectric slab
waveguide,20 and, as �a, �b→� the usual perfectly conduct-
ing PPWG case is obtained.

Modal fields are

Hy�x� = � Ae−j1x, x � d/2
B sin 2x + cos 2x , − d/2 � x � d/2

Cej3x, x � − d/2,
� �14�

where A, B, and C are constants with respect to position.
Excepting the special case Eq. �12�, all TMz modes can

be obtained from Eq. �13�. For the quasi-TEM mode of in-
terest here, an approximate solution can be found by assum-
ing that the graphene PPWG is a perturbation of a perfectly
conducting PPWG �which would guide a pure TEM mode�.
The approximations
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Not surprisingly, the outer dielectric regions play no role if
the interface conductivity is sufficiently large. For the simple
case of 
2=1 and �a=�b=�,

�/k0 
1 − j
2

��0k0d
. �16�

The semiclassical approach taken here was used in sev-
eral previous works9,11,12,15,16 and is supported by recent ex-
periments on the optical properties of single and bilayer
grapheme.10 Using this approach, in Ref. 11 the optical trans-
mission coefficient of a single suspended monolayer was
shown to be T= �1+��0 /2�−1. In the optical range the low-
temperature conductivity is dominated by the interband term,
and for �=0 and 2��c����, �=�e2 /2h. Therefore, the
transmittance is �T�21−��97.7%, where �=e2�0 /2h is
the fine structure constant, which is in excellent agreement
with measurements.10
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In addition to �monolayer� graphene walls, an approxi-
mate model of a multilayer graphene walled PPWG will also
be considered. Multilayer graphene structures have attracted
attention for possible electronic applications, and the con-
ductivity of bilayer and multilayer graphene structures has
been considered in Refs. 21–24. The zero-temperature mini-
mum conductivity of an N-layer structure has been shown to
equal N times the monolayer �N=1� conductivity.21 In the
bilayer case, it was shown that �T�2=1–2��f2��� �Ref. 22�
and for both ��� t� and ��� t�, f2���1, where t�

0.3 eV is the interplane hopping parameter. The value of
�T�2=1–2��95.4% for bilayer graphene is in excellent
agreement with measurement,10 and this value is also ob-
tained by assuming �bi=2�mono in the semiclassical model.11

In Ref. 10, the result �T�2=1−N�� was shown to hold at
least up to N=4, and here we assume that �N−layer=N�mono.

III. RESULTS

The following results are for the quasi-TEM mode of a
graphene PPWG. For simplicity, suspended graphene sheets
will be assumed �
1=
2=
3=1� to avoid any influence of a
dielectric substrate �remote phonon scattering,25 opening of a
bandgap,26 etc.�. The chemical potential of graphene can be
varied by doping and/or an applied bias. In this work, except
for in Table II the chemical potential is �c=0.5 eV, which
leads to a large charge density n2�1013 cm−2. Since
�c /kBT�1 though at least 500 K, for all temperatures of
interest the conductivity is

�  − j
e2�c

��2�� − j�−1�
. �17�

Therefore, the following results are only dependent on tem-
perature via the relaxation time �. The relaxation time de-
pends on a variety of other factors, including the presence of
impurities, and for simplicity here we use a constant value of
�=5�10−13 s, in the range of values considered in Ref. 27
and in other works �see, e.g., Ref. 19�. This value is also
consistent with ballistic transport of approximately 500 nm.

Furthermore, assuming �c /kBT�1, at higher frequen-
cies ����−1� the only control over the conductivity is via
the chemical potential. For lower frequencies ����−1�,

� 
e2�c�

��2 , �18�

and the conductivity is controlled by the product �c�. Since
� is affected by the presence of impurities, dielectric sub-
strates, and temperature, and �c is affected by an applied bias
and doping, many factors contribute to the chemical potential
and to the product �c�. Obviously, for waveguiding applica-
tions the conductivity should be as large as possible.

Figure 2 shows the normalized complex phase constant
� /k0 from Eq. �13� for a graphene PPWG with plate separa-
tion d=100 nm, for frequencies in the GHz/far-infrared
range. The upper and lower unlabeled curves are for mono-
layer walls, the case of multilayer walls �N=10� is indicated,
and for both monolayer and multilayer wall cases the circles
are the approximations �Eq. �16��, showing excellent agree-
ment with the numerical solution of Eq. �13�. The monolayer

conductivity curves are marked with the arrows. It can be
seen that throughout most of the considered frequency range,
the quasi-TEM mode is relatively nondispersive, even
though the conductivity itself is moderately dispersive.

Representative modal fields are shown in Fig. 3 for a
graphene PPWG with monolayer walls, f =100 GHz and d
=100 nm �the graphene planes lie at x= �d /2�. The ampli-
tude of the Hy has been set to one since we solve the un-
forced problem. The Ez component �not shown� is nonzero
but is very small compared to the uniform transverse fields in
the guide �Ez /Ex�10−3�, attesting to the quasi-TEM nature
of the mode.

To provide a comparison with a metallic structure, a
PPWG formed by imperfect ordinary conductors is shown in
Fig. 4. Regions 2 and 4 are the metal plates having thick-
nesses d2 and d4, respectively, and having 
2=
4=1
− j�3d /�
0, where �3d is the frequency-dependent conduc-
tivity of the metal plates. Regions 1, 3, and 5 are vacuum
with d3=d and 
1=
3=
5=1. Assuming gold plates having
thicknesses d2=d4=dm, two cases are considered in the fol-
lowing: dm=10 and dm=100 nm. The thickness-dependent
Drude conductivity �3d of the gold regions is evaluated from
the simplistic Fuchs–Sondheimer model �FS� �Refs. 28–30�
and only surface scattering is assumed. In this case, for dm
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FIG. 2. �Color online� Normalized phase constant � /k0 from Eq. �13� for a
graphene PPWG with d=100 nm, having monolayer and multilayer �N
=10� walls. The monolayer conductivity is normalized by �min=�e2 /2h.
The approximation �Eq. �16�� is shown as the circles.
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FIG. 3. �Color online� Magnitude of the quasi-TEM modal fields for a
graphene PPWG having monolayer walls, f =100 GHz, and plate separation
d=100 nm �the graphene planes lie at x= �d /2�.
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=10 nm, �3d /�bulk=0.57, and dm=100 nm, �3d /�bulk=0.93.
In general, grain-boundary scattering and surface roughness
would further reduce the effective conductivity, so the results
presented here for the metallic waveguide are somewhat op-
timistic. The dispersion equation for the structure depicted in
Fig. 4 is obtained by solving the Helmholtz equation using
separation of variables and enforcing the usual boundary
conditions of continuous tangential fields. Details are pro-
vided in the appendix of Ref. 31.

Table I shows the normalized impedance Z= �Ex /�0Hy�
�=�� /k0�� for both graphene mono- and multilayer walled
structures and for a gold PPWG for two values of wall thick-
ness. The graphene monolayer case has the highest imped-
ance, the multilayer wall case and the thin gold waveguide
have smaller values that are similar to one another �since
�3ddm��multi�, and the thicker walled gold waveguide has
the lowest impedance. Two values of plate separation are
considered, and, as expected, the wider plate separation leads
to lower impedance.

In Fig. 5, the attenuation �a=8.686 Im��� is shown for
the monolayer and multilayer graphene waveguide, as well
as for the gold waveguide, for d=100 nm. It can be seen that
the monolayer case has the highest attenuation, although this
can be further decreased by increasing the chemical potential
or the product �c�. Due in part to enhanced surface scatter-
ing, the gold waveguide having extremely thin walls �dm

=10 nm� has the second-highest attenuation, and grain-
boundary scattering or other imperfections could signifi-
cantly further degrade this result. However, the thinness of
the gold walls is the most important factor in determining the
attenuation constant of the metal waveguide. For example, at
800 GHz assuming the bulk value of conductivity, the dm

=10 nm gold PPWG has only slightly better attenuation
�0.295 dB /�m� compared to the case assuming FS surface

scattering �0.35 dB /�m�. The multilayer graphene wave-
guide suffers from approximately twice the attenuation of the
thicker-walled gold waveguide, but it should be noted that
even the N=10 multilayer graphene waveguide has wall
thickness of only 3 nm. For the graphene structures, consid-
ering the infinitesimal wall thickness, both graphene
waveguides perform remarkably well.

For plate separation d=1000 nm, Fig. 6 shows the at-
tenuation curves. The results are similar to the previous case,
although attenuation �and wave impedance� is reduced for all
structures because of the wider plate separation. Table II
shows attenuation for different values of chemical potential
�for �c=0 results are given for room temperature using Eq.
�17��. It can be seen that the attenuation can be varied by
considerably by changing the chemical potential.

Finally, given the extreme wall thinness of the graphene
structure, it is interesting to examine the confinement of the
quasi-TEM mode fields. Table III shows the value of the
modal field outside the waveguide at x=2d, normalized by
the field at the center of the guide �x=0�, where F
= �Ex�2d� /Ex�0��= �e−j12d� �the designation “multi” indicates
the N=10 multilayer graphene case�. It can be seen that even
for the �essentially infinitesimally thin� graphene monolayer
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FIG. 4. PPWG formed by imperfect, finite-thickness conductors.

TABLE I. Normalized mode impedance for graphene monolayer, multilayer
�N=10�, and metallic PPWG.

f
�GHz�

d
�nm� Zmono Zmulti

Au PPWG
Zdm=10 nm

Au PPWG
Zdm=10 nm

100 100 30.1 9.51 10.5 2.91
100 1000 9.55 3.06 3.32 1.17
800 100 17.2 5.50 3.73 1.44
800 1000 5.6 1.97 1.34 1.04
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FIG. 5. �Color online� Attenuation �a=8.686 Im��� for d=100 nm for the
monolayer and multilayer �N=10� walled graphene waveguide, as well as
for a gold waveguide.
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FIG. 6. �Color online� Attenuation �a=8.686 Im��� for d=1000 nm for the
monolayer and multilayer �N=10� walled graphene waveguide, and for a
gold waveguide.
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wall waveguide, the modal fields outside the waveguide are
relatively small and are only approximately an order of mag-
nitude larger than in the case of the much thicker-walled gold
waveguide.

IV. CONCLUSIONS

A PPWG formed by graphene walls has been consid-
ered. The graphene is represented by an infinitesimally thin,
local two-sided conductance surface, and Maxwell’s equa-
tions were solved for the quasi-TEM model fields guided by
the graphene layers. It was shown that a graphene PPWG can
guide energy with loss similar to many thicker-walled metal
structures. Such waveguides may be competitive with metal
structures and can be tuned by varying the chemical poten-
tial. Graphene PPWGs may be of interest in electronic and
photonic applications.
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