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Abstract—An additional boundary condition (ABC) for mush-
room or bed-of-nails metamaterials is generalized for thin 3-D or
2-D material patches or ground planes. It is shown that the usual
ABC necessary for the homogenization of these wire-medium
metamaterials fails for thin imperfect conductors, and a gener-
alization is presented based on charge conservation. The new
ABC leads to results that are in good agreement with full-wave
simulations.

Index Terms—Boundary conditions, composite material struc-
tures, electromagnetic (EM) analysis, EM modeling, nanostruc-
tures.

I. INTRODUCTION

RTIFICIAL wire media have been of interest for a long
A time [1], [2] due to their ability to form a negative per-
mittivity solid-state plasma at microwave frequencies. It was
shown in [3] that wire media exhibit strong spatial dispersion,
necessitating additional boundary conditions for solving reflec-
tion and transmission problems for wire-medium homogenized
metamaterials [4]-[6]. Mushroom structures comprised of per-
fectly conducting patches [7] tend to suppress spatial disper-
sion [8]-[11], but this is not the case for more general material
patches, where charge buildup can occur at the wire-patch inter-
face (as an extreme example, the patch can be transparent, and
charge accumulates at the open wire end).

The geometry of a mushroom-type wire medium is shown
in Fig. 1, where a TM-polarized plane wave is incident on the
structure at angle 6. A bed-of-nails medium is obtained by omit-
ting the patches.

In previous work, the ground plane, vertical wires, and
patches have been assumed to be perfect electrical conductors
(PECs). Here we assume that the vertical wires are PEC, but that
the ground plane and/or the patches are arbitrary thin materials.
With ko\/e,a < 7 and a/L > 1, where ko is the free-space
wavenumber, ¢, is the relative permittivity of the host medium
of the wires, L is the thickness of the slab, and « is the period
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Fig. 1. Mushroom-type wire medium metamaterial. (fop) Side-view showing
incident TM plane wave. (bottom) Top view of structure.

of the 2-D lattice of square patches, the wire medium can be
replaced with a homogenized, spatially dispersive material
slab having thickness L and tensor permittivity €(q,w), where
q = yq is a vertical wavenumber [3], [6], [10]. In solving a
plane-wave reflection/transmission problem, the presence of
spatial dispersion necessitates an additional boundary condition
at each material interface (i.e., at each wire termination). The
purpose of this work is to present a generalized ABC (GABC)
that is valid for wires terminated by an arbitrary, electrically thin
material acting as ground plane and/or mushroom patches. We
highlight the fact that for such thin metals, or for 2-D surfaces
such as graphene, the presented generalization is necessary to
obtain correct homogenization results. This was discussed and
presented in [12], and here we extend that work by providing
the derivation of the new ABC, as well as generalizing to the
case of thin-metal patches, a two-sided mushroom configura-
tion, and further comparisons with commercial full-wave codes
with new results for the current distribution on the vias.

II. FORMULATION

Referring to Fig. 1, we assume that the wire is thin (koo <
1) so that we ignore azimuthal variations of wire current, as well
as the azimuthal component of wire current. We then have a cur-
rent density on the wire .J. = J.(y). Although the structure will
support both TM*(E,, E., H,.) and TE*(H,, H., E,) modes,
we restrict attention to TM? modes since TE® modes will not
interact with the wires and the resulting homogenized slab is
local. Furthermore, in what follows, the term microscopic refers
to currents and fields in the microstructure of the medium, i.e.,
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on the wires and patches of the actual physical structure. The
term macroscopic refers to averaged (homogenized) fields, i.e.,
the fields in the equivalent homogenized medium.

For the case of an open-ended wire (not terminated by a
ground plane or patch), the microscopic ABC for current on the
wire is the vanishing of current at the wire end y = ¢ [5]

Je(yo) =0 D

or, in terms of macroscopic (homogenized) fields, ¢, F,, must
be continuous at yg, where ¢, can be step-wise discontinuous
at yo and E,, is the normal component of homogenized electric
field. Equivalent to this is the macroscopic condition [5]

kOET‘EU(yO) + kznOHz(yO) =0 (2)

where k, = kg sin 6 is the propagation constant.

For the case where a perfect conductor is present at a wire
end (either the ground plane or patch, assuming the patch is
sufficiently large to ignore edge effects on the current at the
center), the microscopic ABC for wire current is [10]-[13]

BJC(?J)
dy

=0 3)

Yo

(e.g., yo is 0 or L in Fig. 1) or, equivalently, written in terms of
macroscopic fields

ko, OEy(y) 4 ko OH,(y)
dy dy

=0. 4)

Yo

However, this ABC only applies to a wire—PEC interface. When
the skin depth is such that field penetrates throughout the ma-
terial, the PEC model is a very poor approximation of the ac-
tual physics. In this case, we need an ABC for a wire connected
to an imperfect conductor, or, more generally, to an arbitrary
material characterized by its complex conductivity. The same
problem occurs when trying to model the ground plane or patch
as a 2-D material, such as graphene or a 2-D electron gas. Below
we present the required generalization for electrically thin 3-D
and 2-D materials.

The analysis is facilitated by considering a 2-D material
having complex surface conductivity g2q (S). In the event of
a sufficiently thin 3-D material having complex conductivity
o3q (S/m), we can write ooq = 034t Where t < § is material
thickness and 6 = /2/wpoosq is skin depth. On the 2-D
material, assumed local and isotropic, the microscopic current
and field are related as J,(z,2) = 02qEs(z,z), where Jg
is the surface current density (A/m) and E; is the tangential
electric field. The surface charge density ps on a PEC wire is
given by ps(y) = eoerEn(y), where E, is the normal com-
ponent of microscopic electric field at the wire surface. Then
ps(Y0) = eoerEn(yo) = eoerEs = eoe,Js/024, Where we
used the fact that at the wire-material interface yo the electric
field normal to the wire is tangential to the material (patch or
ground plane). In addition, we have the continuity equation for
the wire ps(y) = —(1/jw)dJ.(y)/dy. Equating the two ex-
pressions for surface charge and enforcing continuity of current
between the wire and patch, J.(yo) = Js, we have the desired

generalized additional boundary condition for microscopic
wire current

024 dJc (y)
Jweoe,  dy

Je(yo) + =0. &)

Yo

In terms of macroscopic fields,

<1 + %%) (koer By (y) + kumoHoy)l, = 0. (6)
Equations (5) and (6) are the main results of this paper. The
boundary condition is seen to be a balance between the PEC (3)
and transparent (1) material cases.

Upon homogenization, the material slab has a tensor effec-
tive permittivity [6] e€.4(q) = coer (XX + €4y (¢)¥Y + 22),
where €,,(q) = 1 — (2/(k* — ¢*), k = ko/&,, and
By = (2r/a®)/(In(a/27r) + 0.5275) with f3, being the
plasma wavenumber. A TM? plane wave incident on the
homogenized slab with a PEC ground plane excites both trans-
verse electromagnetic (TEM) and TM* modes, and thus we
can write

H,(y,z)=(e"Y+ R e 0Y)e=ik:2 y>1L
H,.(y,z)=(Brewm cos(ky)+ Bty cosh(yrmy)) e=Ik=2 ()

0 <y < L,where§ = kZ—k3, iy = B2 +k2—k*. Field am-
plitudes Brgy and By and the reflection coefficient R are to
be determined by enforcing the boundary conditions. Assuming
that the material patches are replaced by a continuous surface
impedance Z, (discussed below), we enforce the macroscopic
two-sided (or sheet) impedance boundary condition F.(y =
L)=E.(y=1L") = —Zg(Ha(y = LY) - H,(y =L")).
The GABC (6) is enforced at y = L~, and, assuming a PEC
ground plane, the ABC (4) is enforced at y = 0F.
The grid impedance is [14], [15]
a ) 7r

% = (a—g)o2a jwéo(er +1aln (CSC (;T_Cgl)) v

The resulting reflection coefficient is

1 . To
K coth L)cot(kL) — | —
coth(yrm L) cot(kL) (70 +Jng0>

R = 1 p 9
K coth L) cot(kL -
cothrm L) oot(hL) + -~ ")
where K = N/D,
1 024YTM
N=[——1 tanh(ypm L) + 1
<M ) (Gt nhiomaty +1)
ik
+ (1 S tan(k'L)> (10)
JWEER
D= — ﬁ —1 -1 J2d7T™ + coth(yrm L)
er \ et Jwege, M
, k
1™ <cot(kL) - JL) (11)
Er JWEQE R

and where €, (q) = 1 — 32/(kZ + (7). In the limiting case

of o094 — 0, we have the wire medium (bed-of-nails) result [6],
and for 094 — o0, we have the PEC patch result [10], [11].
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Fig. 2. Reflection coefficient for a TM-polarized incident wave (6§ = 30°)
when patches are 60-nm-thick copper. The ABC assuming PEC materials fails
to reproduce the correct behavior, whereas the new GABC provides the correct
result.

III. RESULTS

To verify the new GABC, numerical results will be shown
comparing homogenized result (9) with results obtained by a
full-wave commercial finite-element simulator (HFSS).! In the
full-wave simulator, one period of the structure is modeled, and
periodic boundary conditions are applied to simulate an infinite
structure. The thin metal patch is modeled as a 3-D object with
finite bulk conductivity. Referring to Fig. 1, in all results, the
period is & = 2 mm, the gap size is g = 0.2 mm, the wire radius
is 79 = 0.05 mm, the substrate thickness is L = 1 mm, and the
relative permittivity is e, = 10.2.

Fig. 2 shows the reflection coefficient for a TM-polarized
plane wave incident at 30° to the normal. The patches are copper
and have a thickness of 60 nm. It can be seen that the result (9)
arising from the GABC is in good agreement with the full-wave
HESS result, whereas the ABC for a PEC patch (4) gives erro-
neous results (results for a PEC patch showing good agreement
with full-wave simulation are given in [10]).

Fig. 3 shows the reflection coefficient (9) for a metal with
o3qt = 0.058 S (e.g., t = 20 nm and o34 = 2.9 x 10° S/m).
It can be seen that the PEC ABC (4) again results in significant
errors, whereas the GABC provides the correct response. The
slight disagreement between the analytical (GABC model) and
full-wave HFSS results is likely due to discretization errors in
the finite-element simulator, and could be improved by intro-
ducing a highly dense mesh. However, this would require large
computational memory and time.

Fig. 4 shows the result for a two-sided mushroom structure
(insert) with each patch having o34t = 0.058 S [the expression
for R can be obtained in the same manner as (9)]. Again, excel-
lent agreement for the reflection coefficient is provided by the
GABC (top figure), as well as for the transmission coefficient
(bottom figure), whereas, as with the previous figures, the ABC

! Ansoft Corporation, Pittsburgh, PA. [Online]. Available: http://www.ansoft.
com/products/hf/hfss/
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Fig. 3. Same as Fig. 2, but for a material patch having 034t = 0.058 S.
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Fig. 4. Reflection (fop) and transmission (bottom) coefficients for a two-sided
mushroom geometry (insert). Each patch has o349t = 0.058 S. The ABC as-
suming PEC materials fails to reproduce the correct behavior, whereas the new
GABC provides the correct result.

assuming PEC materials completely fails to reproduce the cor-
rect behavior.
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Fig. 5. Reflection coefficient for the one-sided mushroom structure when the
patches are graphene. § = 45°.
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Fig. 6. Normalized wire current for a graphene patch mushroom structure at
zero bias, f = 14 GHz.

Fig. 5 shows the reflection coefficient for the one-sided mush-
room structure (9) when the patches are graphene, assuming a
Drude response and a chemical potential of . = 0.5185 eV
(see [16] for the surface conductivity; e.g., at f = 11.96 GHz,
029 = 0.0304 — 50.0011 S) and an incident plane wave with
6 = 45°. Excellent agreement is seen between the GABC and
full-wave results. It can be seen that the nonlocal model with the
PEC ABC and the local model [10] give erroneous results.

The failure of the ABC that assumes PEC materials is under-
standable since for the thin metals (or graphene surfaces) con-
sidered here, electric fields completely and uniformly penetrate
the metal. Therefore, one would not expect the PEC model to be
applicable. The new GABC has been derived by accounting for
the uniform field behavior in the material. As can be seen from
the results comparing the new GABC with full-wave simula-
tion, the presence of a uniform field throughout the thin material
has an important role in governing reflection and transmission
properties of the homogenized slab. Furthermore, it should be
mentioned that with the analytical GABC model results such as
shown in these figures are generated essentially instantaneously,
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Fig. 7. Normalized wire current for a graphene patch mushroom structure for
different values of bias at f = 14 GHz.

whereas the full-wave HFSS simulations take many hours of
computation time.

Fig. 6 shows the normalized wire current for a graphene patch
mushroom structure at f = 14 GHz for zero bias (u. = 0 eV,
o029 = 0.0021 — 50.000092 S), where a comparison was
made with the result of the full-wave commercial simulator
COMSOL.2 It is seen that the GABC provides good agreement
with the full-wave simulation.

Fig. 7 shows the normalized wire current on a graphene patch
mushroom structure for different values of bias (the zero bias
case is repeated from Fig. 6). It can be seen that for zero bias
the current is quite nonuniform despite the electrical length of
the via being electrically short. This is due to the fact that for this
case, the electron density on the patch is relatively low (o2p is
low), and the patch resembles a dielectric more than a metal. As
chemical potential is increased osp increases, and the current
become more uniform, as expected for the patch being a good
metal. It is interesting that, despite the uniformity of the cur-
rent for p. = 0.5 eV, as judged from Fig. 7, we still need the
GABC rather than the ABC based on a PEC material to obtain
the correct (and necessarily nonlocal) homogenization model.
In this regard, it is understood that spatial dispersion is impor-
tant for bed-of-nails type media because one wire end is open,
and charge builds up at this point. Upon homogenization, this
charge buildup is reflected in the nonlocal slab permittivity. The
presence of PEC patches at the wire ends eliminates the charge
buildup such that upon homogenization one can use a local slab
permittivity [8], [10], [11]. For the case of bias . = 0.5 eV,
conductivity is large enough so that the wire current appears
nearly uniform, yet the field still completely penetrates the ma-
terial, necessitating the use of the new GABC.

Referring to Fig. 5, it can be noted that the uniformity of the
current for large bias also results in good agreement between the
local model and the nonlocal model using the ABC for PEC ma-
terials (which would tend to suggest the suppression of spatial
dispersion); however, it can be seen that the resulting reflection

2COMSOL-Multiphysics, Burlington, MA. [Online]. Available: http://www.
comsol.com/
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behavior is incorrect, and the GABC with the nonlocal homoge-
nization model is essential in order to obtain the correct results.

IV. CONCLUSIONS

In summary, we have presented a generalized additional
boundary condition applicable for modeling mushroom or
bed-of-nails type metamaterials involving thin 3-D or 2-D
conducting materials. We have shown that for this class of
materials, the ABC based on the PEC condition yields incor-
rect results. The new condition was verified using full-wave
finite-element commercial simulation codes.
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