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Abstract— Unidirectional surface plasmon polaritons (SPPs)
at the interface between a gyrotropic medium and a simple
medium are studied in a newly recognized frequency regime
wherein the SPPs form narrow, beam-like patterns due to
quasi-hyperbolic dispersion. The SPP beams are steerable by
controlling parameters such as the cyclotron frequency (external
magnetic bias) or the frequency of operation. The bulk band
structure along different propagation directions is examined to
ascertain a common bulk bandgap, valid for all propagation
directions, which the SPPs cross. In addition, group velocity
and Poynting vector for the SPPs are presented. The case of
a finite-thickness gyrotropic slab is also considered, for which
we present the Green function and examine the thickness and
loss level required to maintain a unidirectional SPP.
Index Terms— Directed surface plasmon polariton (SPP),
Green’s function, gyrotropic.

T

I. I NTRODUCTION
HE properties of surface plasmon polaritons (SPPs) in
different biased plasma configurations have been widely
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studied [1]–[5]; see the comprehensive review in [6]. Some
of these basic configurations are: 1) the external magnetic
bias is perpendicular to the interface and, correspondingly,
the SPP propagation vector; 2) the magnetic bias is parallel
to the interface, but perpendicular to the propagation vector,
called the Voigt configuration; and 3) the magnetic bias is
parallel to the interface and also parallel to the propagation
vector, known as the Faraday configuration. In [7], the wellknown Voigt configuration was reexamined, and it was shown
that the SPPs have topological properties, making contact with
the current work in photonic topological insulators, which,
previously, were investigated for periodic media [8], [9].
Nonreciprocal topological surface waves have several
important features; namely, they are unidirectional and they
operate in the bulk bandgap of a topologically nontrivial
material [8]–[10]. Being strongly nonreciprocal, upon encountering a discontinuity, they are immune to backscattering, and
because they operate in the bulk bandgap, they do not radiate
into the bulk. As such, they are forced to pass over the discontinuity, and the lack of scattering or diffraction makes them
interesting from a wave-propagation aspect and promising
for device applications [11]–[13]. Topological SPPs can be
characterized by an integer invariant (e.g., the Chern number),
which cannot change except when the underlying momentumspace topology of the bulk bands is changed [14]–[18]. Thus,
another view of the reflection- and diffraction-free aspect of
topological SPPs is that they are governed by bulk material
properties, so that they are not sensitive to surface features
and can only change qualitatively when the bulk topology
changes. A change in topology arises when a bandgap is
closed or opened, which occurs for the biased plasma when
the bias field is reversed in direction.
The continuum plasma case of Voigt topological SPPs
identified in [7] was studied in [14], [17], [19], and [20].
SPPs in the Voigt configuration cross the bulk bandgap and
therefore exist above the plasma frequency. Recently, it was
observed that SPPs exist below the bandgap, propagating at
various angles with respect to the bias direction [21], [22].
Those works were focused on the quantum force on a decaying
atom, and in [23] the excitation of these modes was considered using circular-polarized dipole sources. In the present
work, we investigate these below-the-gap SPPs in more detail.
These SPPs are, similar to topological SPPs, unidirectional,
operate in a bulk bandgap (and so are diffraction-free), and
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Fig. 1. Slab of gyrotropic material with finite thickness h. The slab is biased
with a static magnetic field along the y-axis. A vertical dipole is suspended
a distance d above the slab and is responsible for exciting the displayed field
pattern near the top surface of the slab. The wavenumber associated with a
bulk mode propagating within the slab is denoted as kb and is represented
in a local coordinate system where αb denotes the angle that kb makes with
respect to the y-axis. In the following, ρ refers to the radial distance in the
x − y plane.

only change their properties qualitatively when the topology of momentum space is changed. Moreover, and unlike
the previously studied topological SPPs, they form narrow
beam-like patterns, similar to the case of hyperbolic media
[24], [25]. However, it seems difficult or perhaps impossible
to assign a topological integer invariant to describe these
SPPs as they propagate in different directions at different
frequencies within the gap, and so, strictly speaking, these
SPPs are not topological. Nevertheless, we show that they still
exhibit unidirectional propagation and inherent robustness to
discontinuities.
In the following, we have identified a bulk bandgap common
to all propagation directions of the plasma bulk modes, within
which the SPPs exist. This common bandgap is discussed,
the behavior of the SPPs in different frequency regimes is
determined, power flow, group velocity, and Poynting vector
are dicussed, and a Green function is obtained for a finitethickness gyrotropic layer. Additionally, we investigate the
backscattering immune properties of a surface wave propagating at the magnetized plasma–air interface and also on the
surface of a magnetized plasma slab in the presence of a defect
in the lower bandgap frequency regime.
II. B ULK -M ODE AND SPP D ISPERSION A NALYSIS
The geometry of interest is depicted in Fig. 1, showing a
finite-thickness gyrotropic slab of thickness h, immersed in a
simple medium characterized by εr . The gyrotropic medium is
assumed to be a plasma biased by a static external magnetic
field B0 = ŷB0 . Assuming time harmonic variation e−iωt ,
the magnetized plasma is characterized by the dielectric tensor,
ε̄r = εt (Ī − ŷŷ) + i εg (ŷ × Ī) + εa ŷŷ

(1)

where the permittivity elements, {εt , εa , εg } are [26]
ω2p (1 + i /ω)
εt = 1 −
(ω + i )2 − ωc2
ω2p
ωc ω2p
, εg =
(2)
εa = 1 −
ω(ω + i )
ω[ωc2 − (ω + i )2 ]

such that ω p = Nqe2 /m ∗ ε0 , ωc = −qe B0 /m ∗ , and  =
1/τ denote the plasma, cyclotron, and collision frequencies,
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respectively, where N is the free electron density, qe = −e
is the electron charge, m ∗ is the effective electron mass, and
τ is the relaxation time between collisions. This permittivity
model is representative of a common gas plasma and is a
simplified model of solid state plasma like InSb [26]. It is
also a local model; as studied in [27] and [28], a nonlocal
model leads to the presence of a backward propagating modes.
However, the effect of nonlocality is evident only for very
large wavenumbers, and the backward waves vanish when
considering realistic levels of loss [23], [28], and so nonlocality is ignored here. Throughout this article, unless otherwise
noted, we use the following values for the magnetized plasma:
ω p = 2π(20 THz),  = 0.015ω p , and ωc /ω p = 0.4. The
cyclotron frequency is associated with B0 = 6.3 T using
the effective mass m ∗ = 0.022me , where me is the electron
mass [26].
A. Dispersion of Bulk Modes in a Gyrotropic Medium—the
Existence of a Common Bandgap
The characteristics of the bulk modes in an anisotropic
medium depend on the direction of propagation. In a structure
exhibiting bulk bandgaps, these gaps will also be direction
dependent. In this section, we study the bulk dispersion behavior of a gyrotropic medium in order to identify a bulk bandgap,
common to all propagation directions. We begin with a plane
wave having wavevector kb , propagating in a gyrotropic
medium at angle αb , with respect to the bias field (the
y-direction). Assuming a plane wave solution to Maxwell’s
equations leads to a homogeneous system of equations for
which non-trivial solutions are obtained when [29]–[33]

 2
k ε̄r − k 2 Ī + kb kb  = 0
(3)
0

b

where k0 is the free space wavenumber. Considering kb =
kt + ŷk y such that |kt | = kb sin αb and k y = kb cos αb ,
the evaluation of the determinant leads to the dispersion
equation for the bulk modes



0 = εt2 − εg2 + εa εt sin2 αb + 2εa εt cos2 αb k02 kb2


−(εt sin2 αb + εa cos2 αb )kb4 − εa εt2 − εg2 k04 . (4)
The dispersion diagrams associated with the bulk modes of
the biased plasma with different propagation angles are shown
in Fig. 2. Fig. 2(a) and (b) show the dispersion of bulk
modes which propagate parallel (αb = 0◦ ) and perpendicular (αb = 90◦ ) to the magnetic bias, respectively. In the
perpendicular case, the plane wave can be decoupled into a TE
(with electric field along the magnetic bias) and a TM (with
electric field in a plane perpendicular to the bias direction)
wave. They are known as the ordinary and the extraordinary
waves, respectively. In the parallel case, the plane wave can
be decoupled into left- and right-handed circularly polarized
waves [29], [30]. Otherwise, the waves have a hybrid nature.
The two intersection points in the parallel case correspond
to Weyl points that arise from crossings between longitudinal plasma modes and transverse helical modes [34].
Fig. 2(c) and (d) show the dispersion for two arbitrary angles
in the range, 0◦ < αb < 90◦ . As seen in Fig. 2, there are
four dispersion branches. The second branch from the top (red
dashed line) corresponds to a wave which is independent of the
magnetic bias and does not lead to a topological SPP (it is the
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±
solutions k̂b,
j = ks ± ẑi γ j for j ∈ {1, 2}, where


1
κ − κ2 − υ
γ1 = k x2 +
2


1
κ + κ2 − υ
γ2 = k x2 +
2
such that


κ = (εt + εa )k 2y − εt (εt + εa ) − εg2 k02 /εt



υ = 4εa (εt + εg )k02 − k 2y (εt − εg )k02 − k 2y /εt

Fig. 2.
Dispersion diagram of biased plasma bulk modes for different
angles of propagation, where k p = ω p /c. Gray-shaded regions highlight
bandgaps in the dispersion. The red dashed line corresponds to a wave which
is independent of bias, while the black solid lines correspond to the waves
which are dependent on bias.

TE wave in the perpendicular case, αb = 90◦ ). Although the
flat dashed red section in Fig. 2(a) may appear to naturally
belong to the flat black solid dispersion line, the situation
admits two viewpoints. For αb = 0 in the lossless case, one
could view the horizontal black line as continuing through
the red dashed section, since this represents one polarization,
whereas the parabolic sections represent a different polarization. That is, there is an eigenvalue degeneracy but not an
eigenfunction degeneracy. However, analytic continuation for
small nonzero angles indicates that the parabolic red dashed
section continues to the nearly flat red dashed section (this is
evident in Fig. 2(c) but is more prominent for smaller angles).
The eigenfunctions (and in this case also the eigenvalues)
cannot be globally defined as smooth analytical functions in
k-space.
Two bandgaps form between the other three branches as
shown in the shaded regions of Fig. 2. The size of the
bandgaps depend on the propagation direction as well as the
magnetic bias field strength. The upper bandgap is smallest
when αb = 90◦ . Conversely, the lower bandgap is smallest
when αb = 0◦ . As such, we take the smallest upper (lower)
bandgap to represent the upper (lower) bandgap common for
all propagation angles, 0◦ < αb < 90◦ . Points a and b do
not change with the propagation angle. The common bandgap
and its impact on surface waves is considered further in the
following.
B. SPP Dispersion
A surface wave that propagates along the interface between
a gyrotropic medium and an isotropic medium, with propagation angle φs with respect to the x-axis, has wavevector
ks = x̂k x + ŷk y in the xoy plane. From the bulk dispersion
equation describing the biased plasma (4), we obtain the

(5)
(6)

(7)
(8)

and in the isotropic dielectric regions, the solutions are simply
k̂± = ks ± ẑi γ0 where γ0 = ks2 − k02 εr . The dispersion
relation for the SPP can be obtained by matching the tangential components of the electric and magnetic fields at the
interface [21], leading to the 4 × 4 system of homogeneous
equations,
⎞⎛
⎞
⎛
β1−
β2−
ky
i γ0 k x
A1
⎜
⎟
⎜ k y θ1
k y θ2
−k x
i γ0 k y ⎟
⎟ ⎜ A2 ⎟ = 0 (9)
⎜
−
2
⎝
⎠
⎝ k y φ1−
k y φ2
i γ0 k x −k0 εr k y
B1 ⎠
2
2
2
B2
−δ1 kt,1 −δ2 kt,2 i γ0 k y
k0 εr k x
±
where β ±
j , φ j , δ j , and θ j ( j ∈ {1, 2}) are defined in the
appendix [see (91)]. Nontrivial solutions are obtained when
the determinant of the coefficient matrix on the left-hand side
of (9) is set equal to zero. Evaluation of the determinant and
dividing through by a factor of −i ks2 k y /1 2 ξ1 ξ2 = 0, where
 j and ξ j ( j ∈ {1, 2}) are defined in the appendix [see (91)],
leading to the SPP dispersion equation


2 −
0 = k 2y − γ02 Q A − k x Q −
B + kx k y QC

 2
−
−
− k x − γ02 Q −
D + γ0 (Q E − εr χ ) (10)
−
−
−
− are
where the quantities Q A , Q −
B , Q C , Q D , Q E , and χ
defined in the appendix [see (83)–(87) and (90)].
For the well-studied case of propagation perpendicular to
the bias (k y = 0), the SPP dispersion is found to be [6], [7]

k x2 − k02 +

k x2 − k02 εe f f
εe f f

=

εg k x
εt εe f f

(11)

where εe f f = (εt2 − εg2 )/εt . However, for k y = 0, the general
dispersion equation (10) must be used.
III. G REEN F UNCTION FOR A F INITE -T HICKNESS P LASMA
In the last section, we considered a simple materialgyrotropic plasma interface, the Green function for which is
provided in [21]. In this section, we expand that analysis
to consider a finite-thickness gyrotropic layer. We present a
closed-form expression (as a Sommerfeld integral) for the
Green function in the simple dielectric regions above and
below the slab. Importantly, we also provide the Green function coefficient in quotient form for each case, which leads to
the identification of the SPP dispersion equation (setting the
denominator to zero).
The procedure to derive the Green function follows that
in [21] and [35]. The incident field excited by an electric dipole
source, with dipole moment p = x̂ px + ŷ p y + ẑ pz suspended a
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distance d above the first interface, is given by E p (r) = (∇∇+
Īk02 εr ) · π p (r), where π p (r) denotes the principal Hertzian
potential due to the dipole source, which we write in terms of
p
p
the principal Green
√ function, π (r) = g (r, r 0 )p/ε0 εr , where
p
ik
ε
|r−r
|
r
0
0
g (r, r0 ) = e
/4π|r −r0 | such that εr is the relative
permitivitty of the top and bottom media (see Fig. 1) and r0
denotes the source point location. Following [21], the reflected
and transmitted electric fields for a biased-plasma slab of finite
thickness are written as Sommerfeld integrals


e−γ0 (d+z) r
C̄ · p
E (r) = d ks e
8π 2 ε0 εr γ0

e−γ0 (d−z) t
Et (r) = d 2 ks eiks ·(r−r0 ) 2
C̄ · p
8π ε0 εr γ0
r

2

iks ·(r−r0 )

(12)
(13)

where C̄r and C̄t are tensors defined in the appendix which are
written in terms of the reflection and transmission matrices for
the biased-plasma slab. Taking into account that the scattered
magnetic field is H(ks , z) = k0 × E(ks , z)/ωμ0 , the Poynting
vector can be obtained using S = Re(E × H∗ )/2.
In all of the numerical examples to follow, we consider
the z component of the scattered electric field due to a z
directed dipole moment, p = ẑ pz , placed at a height d
above a symmetric slab of thickness h for which εr = 1 and
r0 = (0, 0, d). In this case, the z component of the scattered
field simplifies to

e−γ0 (d+z) r
r
C pz
(14)
E z (r) = d 2 ks eiks ·r
8π 2 ε0 γ0 zz

e−γ0 (d−z) t
E zt (r) = d 2 ks eiks ·r
C pz .
(15)
8π 2 ε0 γ0 zz

IV. Q UASI -S TATIC A PPROXIMATION
Further insight into the SPPs excited on the surfaces of
the magnetized-plasma slab can be gained by a quasi-static
approximation, where the electric field is written in terms of
the electrostatic potential, φk , such that E k ≈ −∇φk , assuming
the associated magnetic field is negligible. Solving Gauss’ law
in both isotropic and gyrotropic media, and applying boundary
conditions for the tangential components of the electric field at
each interface, the electric potential for a slab shown in Fig. 1
is obtained as φk = C F(z)eiks ·r , where C is an amplitude
constant and
⎧
−ks z ,
⎪
z>0
⎨e
F = cosh k̃s z + i α sinh k̃s z,
−h < z < 0 (16)
⎪
⎩
k
(
z
+h)
s
(cosh k̃s h − i α sinh k̃s h)e
, z < −h
such that ks = k x2 + k 2y , k̃s = k x2 + εa k 2y /εt , and α is a
complicated function of material parameters and wavenumbers
(omitted since it is not needed in the following). Enforcing
continuity of the normal components of electric displacement
at the two interfaces leads to the quasi-static SPP dispersion
relation
εg2 k x2 − εt2 k̃s2 − εr2 ks2 = 2εr εt ks k̃s coth k̃s h.

(17)
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The quasi-static approximation is valid only for SPPs with
short wavelength (ks → ∞). In the limit h → ∞, the dispersion relation reduces to that derived for a single interface [21]
εr ks + k x εg + k̃s εt = 0.

(18)

By substituting the dispersive model (2), k x = ks cos φs
and k y = ks sin φs into (18), where ks and φs are the SPP
wavenumber and the propagation angle with respect to x-axis,
the solutions ωk can be found as [21]
ωks =

1
1
ωc cos φs +
2ω2p + ωc2 (1 + sin 2 φs ).
2
2

(19)

They represent the SPP modes with short wavelength which
are only dependent on the SPPs directions, φs .
V. R ESULTS
As considered in recent photonic topological work, we are
interested in bulk bandgap crossing SPPs. Since the upper
bandgap for the perpendicular case and lower bandgap for
the parallel case determine the common bandgap of all bulk
modes, we consider the SPP modes that cross these two
common bandgaps and discuss their dispersion features. Then,
by applying the Sommerfeld integral model proposed in
Section III for h → ∞, the field profile of SPP waves propagating on the interface of the half-space magnetized plasma
configuration is studied. Lastly, SPPs excited on the surfaces
of the magnetized plasma slab (h finite) are investigated by
considering the effect of thickness.
A. Dispersion Properties of the SPPs
A surface mode propagating in the xoy plane generally
possesses two wavevector components, k x and k y . Therefore,
a 3-D surface is needed to completely describe the SPP
dispersion. As shown in Fig. 3, the SPP modes form two
frequency bands. The upper band passes through the upper
bulk bandgap, and the lower band passes through the lower
bulk bandgap. In the case of a magnetized plasma-opaque
material (such as metal as the upper region), the upper band of
SPP modes are topological, unidirectional, and backscattering
immune SPPs which have been well studied in [7], [14], [17],
[19], and [20]. For the case that the magnetized plasma is
covered by a transparent medium as considered here, the upper
band represents fast surface waves (leaky waves); only the
real part of the frequency is shown in Fig. 3(a). These surface
waves leak rapidly into the transparent medium. There is a
small break in the upper band, as we were able to find roots for
very small values of k x but not exactly at k x = 0 (i.e., when
propagation is exactly along the bias). However, the lower
band is the main interest here, and dispersion in this lower
band leads to beam-like SPPs, which have only recently been
considered [21]–[23]; this is the main subject of this work.
Fig. 4 shows several equi-frequency contours (EFCs) of the
dispersion surface at different frequencies (red lines). Also
shown in Fig. 4 are density plots of the scattered field integrand
in (14), in which h → ∞ (single interface configuration).

Authorized licensed use limited to: UNIV OF WISCONSIN - MILWAUKEE. Downloaded on May 06,2020 at 14:15:05 UTC from IEEE Xplore. Restrictions apply.

3722

IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION, VOL. 68, NO. 5, MAY 2020

Fig. 4. Density plot of the scattered field integrand in (14), and EFCs
(red solid line), extracted from (10), for a half-space biased-plasma medium
at different frequencies. The notation I-IV refers to the regions shown
in Fig. 5. Red arrows indicate the direction of the group velocity vectors.
(a) ω/ω p = 0.18. (b) ω/ω p = 0.5. (c) ω/ω p = 0.53. (d) ω/ω p = 0.65.
(e) ω/ω p = 0.76. (f) ω/ω p = 0.9.

Fig. 3.
SPP dispersion surface for a biased-plasma–vacuum interface,
obtained by solving for the roots of (10). (a) Perspective view of the upper
and lower bands. The upper band are for fast (leaky) waves, and the real
part of the frequency is shown. (b) Close-up of the lower band, where the
solid black lines are the EFCs for a few representative frequencies and ω±
outline the region of SPP resonance. The designations I-IV refer to Fig. 5.
The common bulk bandgap is in Regions II and III.

The phase and group velocities of an SPP are calculated as
v p = k̂s ω/|ks | and
vg = ∇ks ω(ks ) = x̂

∂ω
∂ω
+ ŷ
,
∂k x
∂k y

(20)

respectively. This means that the group velocity, representing
the directional flow of electromagnetic energy in the lossless
case, is orthogonal to the EFCs. The direction of the group
velocity vectors are shown in Fig. 4 by red arrows. According
to Fig. 4(a), the EFCs at low frequencies are nearly circular,
such that energy flows almost isotropically. Hence, the resulting field pattern is essentially omnidirectional. As frequency
increases, the semi-major axis of the EFC becomes elongated
[see Fig. 4(b)] such that the energy begins to flow asymmetrically. For ω = 0.53ω p , the EFC becomes hyperbolic-like,
with the arms of the curve widening as frequency increases

[see Fig. 4(c)–(e)] and then flipping direction [see Fig. 4(f)].
The hyperbolic-like EFC of the lower SPP band results in
narrow SPP beams. For the cases where narrow beams are
formed [see Fig. 4(c)–(f)], the group velocity vectors point
along the beam directions. Because of the near-flat dispersion
shown in Fig. 5, discussed next, the group velocity is a small
fraction of the speed of wave in vacuum (less than 0.05c,
where c is the speed of light), representing very slow surface
waves.
Fig. 5(a) shows the SPP dispersion behavior for the lower
SPP band, at different propagation angles [i.e., it shows several
two-dimensional traces of the SPP dispersion surface shown
in Fig. 3(b)]. Each branch of the SPP dispersion converges
to (19) in the limit ks = |ks | → ∞, derived using the quasistatic approximation for the plasma half-space. The maximum
and minimum quasi-static resonance, ω± = ωk (φs = 0, φs =
180◦ ), indicated in Figs. 3(b) and 5(a), correspond to an SPP
mode which propagates perpendicular to the bias. In Fig. 5(a),
the bulk dispersion for αb = 0◦ (black solid lines) indicates the
common bulk bandgap that the SPPs in the lower SPP band
cross. The dispersion is divided into four frequency regions:
in Regions I and IV, there is no common bulk bandgap,
whereas in Regions II and III, there exists a common bulk
bandgap. In Region II, where the EFC is hyperbolic like
[see Fig. 4(c)–(f)], we have directional propagation and the
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Fig. 5. (a) 2-D dispersion of the SPP for different propagation angles, φs ,
with respect to the positive (negative) x-axis for right (left) branches of the
dispersion. The bulk dispersion (black solid lines) for αb = 0◦ indicates the
lower bulk bandgap common to all propagation angles. The solid orange lines
show the dispersion of light in vacuum, e.g., ω/ω p = ±ks /k p . (b) Density
plot of the scattered field integrand in (14) in the ω−ks plane. The bright parts
correspond to the flat parts of the 2-D dispersion curves in (a), representing
the dominant contribution to the narrow beams.

SPP field pattern consists of two narrow beams which are
symmetric with respect to the x-axis, and since ω(−ks ) =
ω(ks ), unidirectional behavior is also possible, making this
frequency regime of central interest. Although in Region III
there still exists a common bulk bandgap, narrow beams do
not form in the SPP field pattern due to the fact that the EFC
is ellipsoidal [see Fig. 4(b)]. In Region IV, the EFC is nearly
circular [see Fig. 4(a)], indicating that the SPP field pattern is
approximately omnidirectional. Similar to Fig. 4, the density
plot of the scattered electric field integrand in (14) is shown
in Fig. 5(b) for different SPP angles. The brightest parts
correspond to the flat parts of the dispersion curve in Fig. 5(a).
This means that for a given frequency in region (II), the flat
part coincident with the ω = constant line has the most
contribution in forming the narrow beams discussed and gives
insight into the group velocity of the beam.
B. SPPs at the Interface of a Half-Space Gyrotropic Medium
Considering a half-space gyrotropic medium, a vertical
dipole source at (ρ, z) = (0, 0) excites SPPs at the interface.
To obtain the electric field distribution of SPP waves due to
the vertical dipole source, we apply the the Green function
model (14) for h → ∞, derived in Section III as well
as finite element modeling using COMSOL. The scattered
fields near the interface for several frequencies that lie in
the four regions shown in Fig. 5 and for radial distance
ρ = 0.7λ, height z = 0.016λ p , and 0 < ϕ < 2π,
calculated using the Sommerfeld integral, are shown as the
polar patterns in Fig. 6(b), (d), and (f). The electric field distribution at the xoy plane obtained in COMSOL are shown
in Fig. 6(a), (c), and (e), and agree with the Green function analysis. As shown in Fig. 6(a) and (b), the expected
behavior of surface wave propagation for operating frequencies
that lie in Region IV of the dispersion (see Figs. 3 and 5)
is nearly omnidirectional. In Region III, propagation is
bidirectional, with the SPP intensity concentrated to one
half-plane, as shown in Fig. 6(c) and (d). As frequencies
change from lying in Region IV to Regions II and I of
Fig. 5, the SPP increasingly tends toward being unidirectional.

Fig. 6.
(a), (c), and (e) Electric field distribution in the xoy plane
generated using COMSOL. The dashed circle of radius ρ = 0.7λ indicates
the spatial contour over which the Green function results in the right panels
are shown. (b), (d), and (f) Polar patterns of the scattered electric field, |E zr |,
obtained from the Green function for a magnetized plasma-vacuum interface,
(ρ, z, ϕ) = (0.7λ, 0.016λ p , 0 < ϕ < 2π ), and = 0.015ω p . The panel
dimensions are 2λ × 2λ. (f) Results for several values of frequency, whereas
the corresponding (e) is for one of the frequencies in (f). λ is free space
wavelength and λ p = 2π c/ω p .

Fig. 7.
Poynting vector. (a) Absolute value of tangential Poynting
vector for observation points on circles with different radii, (ρ, z, ϕ) =
(ρ , 0.016λ p , −π < ϕ < π ). (b) Direction of maximum Poynting vector
for observation points along the two main narrow beams, (ρ, z, ϕ) =
(ρ, 0.016λ p , ϕbeam1,2 = ±32◦ ). 
n is the unit normal vector to the interface.
The dashed lines show the beam angles, and it is seen that the Poynting vector
becomes aligned with the beam angle, as expected, for observation points not
too close to the source. The operating and collision frequency are ω = 0.65ω p
and  = 0.015ω p , respectively.

Interestingly, for frequencies that satisfy the SPP resonant
condition, ω− < ω < ω+ (Regions I and II), Fig. 6(e) and (f),
show that narrow-beam directional propagation is obtained,
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Fig. 8. (a) Electric field distribution (E z ) computed using COMSOL at the interface of a half-space gyrotropic plasma in the presence of a hole discontinuity.
(b) Electric field distribution (E z ) computed using COMSOL at the interface of a finite thickness slab (h = 0.12λ p ) in the presence of a discontinuity; the
SPP, excited on the top interface by a point dipole, propagates around the open surface to the bottom side of the plasma.  = 0.04ω p .

consistent with the previous discussion of EFCs. As shown in
the polar pattern of Fig. 6(f), at ω = ω− = 0.53ω p , the field
pattern forms two narrow beams which approach each other as
the operating frequency increases. Eventually, the two beams
join to form a single beam at ω = 0.76ω p , corresponding to
the saturation frequency of the φs = 90◦ branch in Fig. 5,
and then split to form two beams for 0.76ω p < ω < ω+ .
Therefore, the angle of the beams with respect to the x-axis
is adjustable with frequency as well as the magnetic bias.
Furthermore, if the direction of the magnetic bias is flipped,
the beams propagate in the opposite direction.
In what follows, we particularly consider SPPs in the
resonance frequency range, ω− < ω < ω+ where there are
two narrow beams in the field pattern. We chose ω = 0.65ω p ,
a frequency within the resonance frequency range as an
example to discuss the results. At this specific frequency, there
are two beams with angles ϕbeam1,2 = ±32◦ with respect to
the x-axis.
We should note that in the general lossy case, the group
velocity is ill-defined as an energy-transport velocity, and
one should examine the Poynting vector and energy transport
velocity. In this work, we incorporate realistic material loss,
but the results do not qualitatively change in the lossless case,
in which case the meaning of the group velocity is very clear: it
is Savg /Wstored , where Savg is the vertically averaged Poynting
vector associated with the mode and Wstored is the vertically
averaged stored energy density. Here we consider the group
velocity as the energy transport velocity merely in the sense
of the beam angle, although for quantitative values of the
magnitude of the energy velocity, one should examine the
Poynting vector, as discussed next.
The tangential Poynting vector indicates the power carried
by the surface waves. The magnitude of the tangential Poynting vector at ω = 0.65ω p for a set of observation points on
different circular contours in space having different radii is
shown in Fig. 7(a). For each radial distance, there are two
peak values which occur exactly at the position of the narrow
beams, ϕbeam1,2 . Then, to find the direction of the maximum
radiation power, the angle of the Poynting vector for points

located along the beams is extracted [see Fig. 7(b)]. As shown,
the Poynting vector angle converges to the beam angles for
large radial distance, i.e. in the far-field of the source. The
Poynting vector and group velocity are in the same direction,
pointing along the beam angle.
The SPPs within the resonant range are robust to
the presence of discontinuities. To have an indication of
the inherent robustness of these SPPs, a discontinuity is
constructed in an attempt to impede the SPP. A unidirectional
SPP that crosses a bandgap in reciprocal space is immune
to the effects of backscattering and diffraction. To illustrate
this, Fig. 8(a) shows the electric field due to a electric
point source near the vacuum–plasma interface of a plasma
half-space. The SPP passes through the discontinuity without
reflection or diffraction.
C. SPPs on Surfaces of the Magnetized Plasma Slab
For a finite thickness slab, we consider the excitation of
SPPs at the first interface (z = 0) and the bottom interface
(z = −h) due to a vertical dipole source positioned at the first
interface (d = 0). Similar to single-interface configuration,
the SPPs propagating on the surfaces of the plasma slab
are robust to discontinuities. As shown in Fig. 8(b), upon
encountering the end of the plasma, SPPs pass onto the bottom
surface without reflection or diffraction. In Figs. 6 and 8,
to obtain convergence in COMSOL, the material loss had to
be increased, and values 0.015ω p <  ≤ 0.06ω p were used,
although it is important to note that the value of loss does not
affect the beam direction.
Fig. 9(a)–(e) show how the beams at the upper interface evolve with slab thickness for a set observation point
(ρ, z, ϕ) = (0.5λ, 0.03λ, 0 < ϕ < 2π) and thickness
values that fall within the range 0 < h < 0.3λ p . The
frequency of operation is set within the bulk bandgap of
the plasma, ω = 0.65ω p , and the collision frequency is
set to  = 0.015ω p . The values of thickness considered
in Fig. 9(a)–(d) are (a) h = 0.3λ p , (b) h = 0.1λ p ,
(c) h = 0.07λ p , and (d) h = 0.045λ p . Each pattern is normalized with respect to the beam maximum obtained for a thick
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Fig. 10. Squared amplitude of the scattered electric field profile (z component) excited by a vertical dipole source located at the first interface (d = 0)
of a thin finite thickness biased-plasma slab of thickness h = 0.04λ p . (a) and
(b) Squared amplitudes of the scattered electric field below and above the slab
are obtained using COMSOL ( = 0.05ω p ) and in (c) and (d) by evaluating
the Sommerfeld integrals in (14) and (15). In (c), the observation point is
chosen to be z = −h − 0.1λ, ρ = 0.9λ, and 0 < ϕ < 2π , and in (d) the
observation point is chosen to be z = 0.03λ, ρ = 0.5λ, and 0 < ϕ < 2π , and
 = 0.015ω p . The operating frequency is ω = 0.65ω p .

Fig. 9. SPP beam pattern excited by a vertical dipole source at the first
interface of a finite thickness biased-plasma slab obtained by evaluating (14)
for set observation point (ρ, z, ϕ) = (0.5λ, 0.03λ, 0 < ϕ < 2π ) where λ
denotes the free space wavelength. The frequency of operation is set within
the bulk bandgap of the plasma ω = 0.65ω p and the collision frequency
is set to  = 0.015ω p . Four values of thickness are considered such that
(a) h = 0.3λ p , (b) h = 0.1λ p , (c) h = 0.07λ p , and (d) h = 0.045λ p . These
results are normalized with respect to the beam maximum, max{|E zr |} =
5 × 1014 V/m, obtained for a thick slab in the limit h → ∞, assuming the
magnitude of the electric current dipole J0 =1 A · m. (e) The beam grows
logistically as thickness increases.

slab, |E zr |max = 5 × 1014 V/m, in the limit h → ∞, assuming
the magnitude of the electric current dipole is J0 =1 A · m,
where J0 = − j ωpz and pz is the electric dipole moment.
In Fig. 9(e), it is shown that the beam maximum grows
logistically with thickness and asymptotically approaches the
thick slab result as thickness increases.
When the slab becomes thin enough, it is also possible
that a source on the upper interface excites SPPs on the
bottom interface. The two bottom-surface SPP beams are
in the opposite direction of the SPP beams on the top
interface. Fig. 10(a) and (b) shows the squared amplitude of
the electric field at the bottom interface (z = −h) and
top interface (z = 0) obtained using the FEM method
in COMSOL, while Fig. 10(c) and (d) show the squared
amplitude of the transmitted and reflected field obtained by

evaluating (15) and (14), respectively, for a small distance
below and above the slab. For a thin slab, there are two
forward beams on the top interface and two backward beams
on the bottom interface. To find the evidence of them from the
dispersion diagram, the quasi-static approach for magnetized
plasma slab is used. Fig. 11 shows the solutions to the
quasi-static relation (17) for magnetized plasma slab with
thickness of h = 0.25λ p and for several values of cyclotron
frequency, representing the SPP resonance in the quasi-static
limit. For a given ω value, there are four values of φs , two of
which correspond to the forward beams on the top interface
and the other two correspond to the backward beams on
the bottom interface. This suggests that four beams may be
present in the scattered field profile for operating frequencies
that fall within the SPP resonant range ω− < ω < ω+ . For
example, consider an operating frequency of ω = 0.65ω p
and cyclotron frequency ωc = 0.4ω p ; from the quasi-static
dispersion, we find that the in-plane wavevector, and hence,
phase velocity, of the SPP (approximately) makes an angle
φs ∈ {58◦, 122◦ , 238◦ , 302◦ }, with respect to the x-axis.
The group velocity (i.e., the direction of energy flow as
indicated by the direction of the beams for the lossless case) of
the SPP is perpendicular to the phase velocity and therefore,
makes an angle φs ± 90◦ ∈ {148◦, 32◦ , 328◦, 212◦ }, with
respect to the x-axis. The scattered field profile shows four
beams with the expected angles with respect to the x-axis.
Two forward beams are present on the top interfaces at
angles {32◦ , 328◦ } and two backward beams on the bottom
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Fig. 12. Cross-sectional view of Fig. 1. The top and bottom interfaces are
positioned at z = z1 = 0 and z = z2 = −h, respectively. Regions 0 and 2
are characterized by εr while Region 1 is characterized by the gyrotropic
permitivitty tensor, ε̄r , defined in (1). The electric fields associated with plane
waves propagating in each region, with group velocity in the ±z directions,
are also shown.

Fig. 11. Solutions to the quasi-static SPP dispersion relation (17) for a finite
thickness slab of thickness h = 0.25λ p and wavenumber ks = 10k p  1/ h.
The cyclotron frequency ranges from 0 to 0.4ω p . From these results, we find
that for a given operation frequency, a maximum of four beams is possible in
the SPP beam pattern. Additionally, we find that as magnetic bias increases,
the SPP resonant range also increases.

interfaces at angles {148◦, 212◦ }. That is, the quasi-static
analysis provides four symmetric beams, two of which will
be excited on a given interface (top or bottom).
Furthermore, in the presence of a magnetic bias, the SPP
resonance depends on the direction of the SPP modes, however, it is independent of the slab thickness for large values
of ks . As the magnetic bias tends toward zero (ωc → 0),
the SPP resonance becomes a flat curve, which means √the
SPP resonance is direction independent, lim ωSPP = ω p / 2.
ωc →0

d above the first interface, is given by E p (r) = (∇∇ +
Īk02 εr ) · π p (r), where π p (r) denotes the principal hertzian
potential due to the dipole source, which we write in terms
of the principal Green√ function, π p (r) = g p (r, r0 )p/ε0 εr ,
where g p (r, r0 ) = eik0 εr |r−r0 | /4π|r − r0 | such that εr is the
relative permitivitty of the regions above and below the slab
(see Fig. 1) and r0 = (0, 0, d). Following [21], the principal
and scattered fields may be written in the Fourier transform
domain with respect to k x and k y :

e−γ0 (d+z) r
C̄ · p
(21)
Er (r) = d 2 ks eiks ·(r−r0 ) 2
8π ε0 εr γ0

e−γ0 (d−z) t
Et (r) = d 2 ks eiks ·(r−r0 ) 2
C̄ · p
(22)
8π ε0 εr γ0
where


r

C̄ =

C̄t =

ˆs
zk
Īs −
i γ0
ˆs
zk
Īs +
i γ0






· R̄ · k02 εr Īs − ks ks + i γ0 ks ẑ (23)


· T̄ · k02 εr Īs − ks ks + i γ0 ks ẑ (24)

A PPENDIX

such that Īs = x̂x̂ + ŷŷ and γ0 = k x2 + k 2y − k02 εr .
In what follows, we derive the plane wave reflection and
transmission coefficients, R̄(ω, ks ) and T̄(ω, ks ), which relate
the tangential field components of the electric field reflected
and transmitted from a gyrotropic slab of finite thickness,
as shown in Fig. 12. As in [21], it is important to define a
convenient, orthogonal coordinate system in which to expand
the amplitude vector of a plane wave propagating in the
gyrotropic medium. The set of orthogonal unit vectors which
±
±
span this coordinate system is given by {k̂t,
j , ŷ, k̂t, j × ŷ},
±
where k̂t, j = x̂k x ± ẑi γ j for j ∈ {1, 2}. The fields above
and below the interface are expanded in terms of the Cartesian
basis {x̂, ŷ, ẑ}. The relationship between the tangential electric
and magnetic fields in the structure is
 ±


Ex
ωμ0 H y±
±
±
= {Ȳ , Ȳg } ·
(25)
E±
ωμ0 Hx±
y

The incident field excited by an electric dipole source, with
dipole moment p = x̂ px + ŷ p y + ẑ pz , suspended a distance

where Ȳ± relates the electric and magnetic fields in the
dielectric regions above and below the slab, and Ȳ±
g relates

VI. C ONCLUSION
In this work, we have investigated the behavior of SPPs
propagating at the interface between air and gyrotropic plasma
for both single-interface and finite-thickness biased-plasma
slab configurations. We have identified a bulk bandgap, common to all propagation angles. The operating frequency is
chosen to lie within the lower common bandgap, wherein
omnidirectional, bidirectional, and narrow directional SPP
beam patterns are observed. Operating in the bandgap gives
the SPP interesting properties that protect it from backscatter
and diffraction in the presence of a discontinuity. The direction
of the SPP beams is adjustable with operation frequency and
also the bias magnetic field. The Green function and quasistatic approximation to the dispersion have also been obtained
for a finite-thickness slab.
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the electric and magnetic fields within the slab. These tensors
are given by


±1 k x2 − γ02
kx k y
Ȳ± =
(26)
γ02 − k 2y
i γ0 −k x k y
  ±
−1

2
2
−δ1 kt,1
−δ2 kt,2
β1
β2±
±
·
. (27)
Ȳg =
k y θ1 k y θ2
k y φ1±
k y φ2±
Matching the tangential components of the electric and magnetic fields at each interface, we obtain
−
(Īs + R̄01 ) · E−
0 (z1 ) = T̄01 · E0 (z1 )

(Ȳ

−

(Ȳ+
g
(Ȳ−
g

(Īs + R̄10 ) · E+
1 (z 1 )
−
(Īs + R̄12 ) · E1 (z2 )
+ Ȳ+ · R̄01 ) · E−
0 (z 1 )
−
+ Ȳg · R̄10 ) · E+
1 (z 1 )
−
+
+ Ȳg · R̄12 ) · E1 (z2 )

=
=
=
=
=

T̄10 · E+
1 (z 1 )
T̄12 · E−
1 (z 2 )
−
Ȳ−
·
T̄
01 · E0 (z1 )
g
Ȳ+ · T̄10 · E+
1 (z 1 )
−
Ȳ · T̄12 · E−
1 (z 2 )
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where
R̄ = R̄01 + T̄10 · R̄12 · (Īs − R̄10 · R̄12 )−1 · T̄01
−1

T̄ = T̄12 · P̄− · Īs − R̄10 · R̄12
· T̄01

(48)

such that R̄12 = P̄+ · R̄12 · P̄− . Finally, after some algebra,
it can be shown that (34), (42), (47), and (48) may be written
in quotient form as

(28)


nn
/k
y
12
R̄nn
nn
22
 ±

1
±
11
12 /k y
P̄± = ±
k y ±
±
χ
22
 21

1
12 /k y
11
R̄ =
22
01 k y 21


10 χ +
12 /k y
11
T=
22
01 k y 21

(29)
(30)

1
= nn


(31)
(32)
(33)

where




m3
2 −1
3
· Ȳm
R̄nn = Ȳm 1 − Ȳm
g
g − Ȳ

(47)

(34)



nn
11
k y nn
21

(49)
(50)
(51)
(52)

such that

⎧
⎪
⎨(+, −, −), (n, n ) = (0, 1)
(m 1 , m 2 , m 3 ) = (+, −, +), (n, n ) = (1, 0)
⎪
⎩
(−, +, −), (n, n ) = (1, 2)

where
(35)

and from (28)–(33), it follows that T̄nn = Īs + R̄nn . Furthermore, it is important to note the relations
−
+
E−
1 (z1 ) = T̄01 · E0 (z1 ) + R̄10 · E1 (z1 )

−
+
E+
0 (z1 ) = R̄01 · E0 (z1 ) + T̄10 · E1 (z1 )

E+
1 (z 2 )
E−
2 (z 2 )

=
=

R̄12 · E−
1 (z 2 )
−
T̄12 · E1 (z2 )

(36)
(37)
(38)
(39)

where the electric field associated with a plane wave propagating a distance, h = |z2 − z1 |, along the ±z direction within
the gyrotropic slab, is given by
+
+
E+
1 (z1 ) = P̄ · E1 (z2 )
−
−
E−
1 (z2 ) = P̄ · E1 (z1 )

(40)
(41)

where P̄± denotes the spacial propagator that effectively
propagates the electric field a distance h through the slab and
takes the form
−1
P̄± = Ū± · P̄ · Ū±

 2

m2
nn = m 1 m 3 γ0 χ m 3 Q m
E − εr χ



2
+ m 3 χ m3 k 2y − γ02 Q A + k x k 2y Q m
C



− m 3 χ m3 k x2 − γ02 Q mD2 + k x Q mB 2
(53)


m2
m 3 m 2 
nn
m2 m3
2
11 = γ0 εr χ χ + m 1 m 3 k0 Q A Q D − Q C Q B



3
− m 3 χ m 2 k 2y − γ02 Q A + k x k 2y Q m
C



+ m 1 χ m 3 k x2 − γ02 Q mD2 + k x Q mB 2
(54)
 m2 m3
m3 m2 
nn
2
12 = m 1 m 3 γ0 k0 Q D Q B − Q D Q B


+ k x k 2y m 1 χ m 3 Q mD2 − m 3 χ m 2 Q mD3



+ k 2y − γ02 m 1 χ m 3 Q mB 2 − m 3 χ m 2 Q mB 3
(55)


m3
m2
2
nn
21 = m 1 m 3 γ0 k 0 Q A Q C − Q A Q C


m3
m2
− kx m1χ Q A − m3χ Q A



m2 m3
2
(56)
QC
− k x2 − γ02 m 1 χ m 3 Q m
C − m3χ


m3
m 2 m 3 
nn
m2 m3
2
22 = γ0 εr χ χ + m 1 m 3 k0 Q A Q D − Q C Q B



2
− m 1 χ m 3 k 2y − γ02 Q A + k x k 2y Q m
C



+ m 3 χ m 2 k x2 − γ02 Q mD3 + k x Q mB 3
(57)

(42)
and

where


Ū± =
P̄ =



β1± /kt,1
k y θ1 /kt,1
e−γ1 h
0

e

β2± /kt,2
k y θ2 /kt,2

0
−γ2 h .


(43)
(44)

Using (40) and (41) in (36)–(39) leads to
−
E+
0 (z1 ) = R̄ · E0 (z1 )

−
E−
2 (z2 ) = T̄ · E0 (z1 )

± −γz,2 h
2
±
11 = k t,1 ξ1 2 α2 e

±
12

2
− kt,2
ξ2 1 α1± e−γz,1 h

=

21 =
(45)
(46)

±
22 =

1 2 α1± α2± (e−γz,2 h − e−γz,1 h )
2 2
kt,1
kt,2 ξ1 ξ2 (e−γz,1 h − e−γz,2 h )
2
kt,1
ξ1 2 α2± e−γz,1 h
2
− kt,2
ξ2 1 α1± e−γz,2 h

(58)
(59)
(60)
(61)
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and

and
11 = 01
+ 10
12 (ϒ21 11 + ϒ22 21 )
 1110

+  + 10
11 (ϒ11 11 + ϒ12 21 )
12 = 01
+ 10
12 (ϒ21 12 + ϒ22 22 )
 1210

+  + 10
11 (ϒ11 12 + ϒ12 22 )

2 2
kt,2 (1 ξ2 − 2 ξ1 )
Q A = εg kt,1
 2 ±

±
2 ±
α2 − kt,2
α1
Q B = εg 1 2 kt,1

(62)

Q±
C
Q±
D
Q±
E

(63)

21 = 01
+ 10
21 (ϒ11 11 + ϒ12 21 )
 2110


+  + 10
22 (ϒ21 11 + ϒ22 21

(64)

+ 10
22 = 01
21 (ϒ11 12 + ϒ12 22 )

 2210
+  + 10
22 (ϒ21 12 + ϒ22 22 )

(65)

−
−
21 = 12
21 (11 11 + 12 21 )

 12
−
+  + 12
22 (21 11 + 22 21 )

22 =

−
−
12
21 (11 12 + 12 22 )
 12

−
+  + 12
22 (21 12 + 22 22 )

=
=

(85)
(86)
(87)

ζ j± = εg k x  j ± εa ξ j γz, j

(88)

α±
j
±

(89)

χ

−
12 = 12
12 (21 12 + 22 22 )
 12

−
−
+  + 12
11 (11 12 + 12 22 )

=

(84)

and

and
−
11 = 12
12 (21 11 + 22 21 )
 −
 12
12
+  + 11 (11 11 + −
12 21 )

2 ±
2 ±
kt,1
ζ2 ξ1 − kt,2
ζ1 ξ2
± ±
± ±
ζ2 α1 1 − ζ1 α2 2
 2 ±

2 ±
εg k02 kt,1
ζ2 1 − kt,2
ζ1 2

(83)

=
=

k x ξ j ± εg k02 γz, j
2
2
kt,1
ξ1 2 α2± − kt,2
ξ2 1 α1±

(90)

and
(66)

±
β±
j = k x ∓ i γ j δ j , φ j = δ j k x ∓ i γ j (θ j − 1)

δ j = i k02 εg /ξ j , θ j = −kt,2 j / j , γ0 =
(67)

k x2 + k 2y − k02 εr

2
2
2
ξ j = k02 εt − kb,
j ,  j = k 0 εa − k t, j
2
2
2
kt,2 j = k x2 − γ j2 , kb,
j = k t, j + k y .

(91)
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