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I. I NTRODUCTION
The radiation ef ciency (power radiated divided by power
input) of a typical half-wavelength dipole antenna is excellent,
usually above 98% for frequencies in the microwave regime
[1]. This assumes that the antenna is constructed using highconductivity metals, and that wire radius values are in the
typical range, usually from tens of microns through perhaps
tens of millimeters, or even larger, depending on frequency.
However, there is currently a lot of interest in developing
nanoscopic circuits, and nanoscopic autonomous devices for
medical or military applications. An important consideration
is establishing a wireless communication link, and/or wireless
power transfer, to such devices [2]. Obviously, for interfacing
with a device having its largest dimension on the order
of tens of nanometers, a similarly physically small antenna
would be desirable. One possibility may be afforded by the
optical range, where sub-wavelength focusing is possible due
to plasmonic effects [3]–[10], although atmospheric propagation at optical frequencies is not feasible for long-range
communications. Lower frequencies (far-infrared and below)
provide more desirable propagation characteristics. However,
in the range 1 GHz–1 THz, wavelength varies from 108 to 105
nanometers, and an electrically very short, extremely thin wire
nanoscale dipole has an exceeding small radiation ef ciency.
For example, at 1 GHz a 200 nm long, 50 nm radius copper
wire dipole antenna has radiation ef ciency "rad 10 8 %,
and "rad 10 2 % at 1 THz.
Alternatively, depending on the available real estate on the
device or surrounding support structure, it may be feasible to
fabricate a half-wavelength or similar antenna that would be
very long with respect to nanometers, but which has a radius
in the nanometer range. Such an antenna would be invisible
to the eye, and could still be connected to the nanodevice
because of its small radius. Therefore, the purpose of this
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work is 1) to illustrate the problems associated with nanoscale
radius wires at far-infrared frequencies and below, and 2)
to consider what may be able to be accomplished from the
material side to improve radiation ef ciencies for nanoscale
radius wires. The rst part is accomplished by considering
the surface-impedance integral equation for a lossy antenna,
and the connection between the current on an antenna and
that associated with the discrete mode excited by a source
on an in nite material cylinder. The second part leads to
consideration of superconducting nanowires, multi-wall carbon
nanotubes, and carbon nanotube bundles.
II. M ODAL I NTERPRETATION OF A NTENNA C URRENT
Fig. 1 shows the radiation ef ciency for a half-wavelength
copper dipole at f = 10 GHz, 100 GHz, and 1 THz as a
function of wire radius, obtained from the surface-impedance
integral equation (IE) described below. It can be seen that
ef ciency is close to unity at all frequencies for radius values
greater than several thousand nanometers, but falls precipitously as radius is diminished.
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Abstract— At microwave and far-infrared frequencies, the
radiation ef ciency of a wire antenna with radius values smaller
than a few hundred nanometers is very low, due to large wire
impedances and associated high ohmic losses. However, with
the continued miniaturization of electronic devices, nanoradius
interconnects and antennas are desirable. In this work, the
relationship between wire radius, conductivity, frequency, and
ohmic loss is examined for dipole antennas. Simple formulas
are derived for the distributed resistance, effective conductivity,
and radius required to achieve a desired radiation ef ciency,
and particular emphasis is given to half-wavelength antennas.
Several methods to improve antenna ef ciency at sub-100 nm
radius values are discussed, including the use of superconducting
nanowires and multi-wall carbon nanotubes.
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Fig. 1. Radiation ef ciency (not percentage) for a half-wavelength copper
dipole at f = 10 GHz, 100 GHz, and 1 THz as a function of wire radius.
Results were computed assuming the bulk value of conductivity.

In order to understand this effect, consider an electricallythin wire antenna with axis coincident with the z-axis, having
radius a and conductivity , and residing in free space. The
standard integral equation for the antenna current is associated
with the impedance boundary condition [11]–[13]
I a (z) zs = Es (z)

(1)

2

at = a, where I a (z) is the antenna current, zs is the surface
impedance ( /m), and Es is the total tangential electric eld.
The surface impedance is given as [14]
zs =

J0 ( a)
;
2 a J1 ( a)
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, 20 = k02
, and km
= ! 2 0 "m .
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The zeros of Z ( ) represent the symmetric TM modes of
the dielectric cylinder. Following the method detailed in [16,
pp. 451–453] (see also [19, pp. 377-380]), the integral (7) can
be written as a branch cut integral (continuous spectrum) and
a sum of residues (discrete spectrum) [13],
X
I (z) =
In (z) + Ibc (z) :
(9)
n

Of course, the modes diffract at the ends of a nite-length
cylinder, and this diffraction is dif cult to model exactly.
However, as discussed in [14], for a metallic wire only the
principle mode (n = 0) is not highly attenuated, and so the
usual standing wave current on a resonant half-wavelength
dipole antenna can be viewed as due to constructive interference between the principle mode travelling outwards from the
source and its (approximately open-circuit) re ection from the
wire ends. In the following, the principle mode will be denoted
L
as = n=0 .
= c1 sin k0 z + c2 cos k0 z
Z z
To verify that the current on a wire antenna is indeed the
j4
i
0
0
0
aforementioned
modal current, Fig. 2 shows the magnitude of
E (z ) sin (k0 (z z )) dz
0
the current induced by a magnetic frill source on a copper
for L
z
L, where
length, c1;2 are wire having a = 1 m at f = 10 GHz (current is symmetric,
p 2L is the wire
p
and so only I (z) for z
0 is shown). The solid curve is
unknown constants, =
0 ="0 , k0 = !
0 "0 ,
obtained
from
(9)
for
the
in
nite wire, and includes both
p
Z
jk0 (z z 0 )2 +4a2 sin2 ( 0 =2)
1
e
the
principle
mode
residue
and
the branch cut contribution
q
K (z z 0 ) =
d 0;
(details
of
the
calculation
can
be
found in [13]). The solid
2
2
(z z 0 ) + 4a2 sin2 0 =2
squares are obtained from the IE (4), where L = 40 so that
(5)
current has decayed suf ciently upon reaching the wire ends
and
0
to insure that no re ection occurs (allowing comparison with
e jk0 jz z j
0
q (z z ) = 2 !"0 zs
:
(6) the in nite wire case). Agreement between the two methods is
k0
excellent. Also shown is the residue contribution alone (dashed
In this work a rectangular pulse function expansion, point curve), where, as would be expected, the discrete principle
testing solution of (4) was obtained, where matrix entries were mode dominates the response except in the vicinity of the
source.
computed with the aide of the integrals given in [18].
It should be noted that the modal form (9) is an exact
The behavior of nano-radius wire antennas differs from
solution
for an in nite-length wire, and merely requires evalmacro-radius wire antennas principally because the exceeduating
a
residue and an integration, whereas the IE (4) is
ingly small radius results in a large surface impedance from
itself
an
approximate relationship, based on an impedance
(2), which leads to strong current damping and low radiation
boundary
condition, and requires a further approximation in
ef ciency. A complementary viewpoint that is illustrative for
obtaining
the
solution via discretization. Therefore, the good
antenna as well as interconnect applications is obtained by
agreement
between
the modal method and the IE solution gives
considering the modal (discrete and continuous) representation
of current on a driven in nite-length wire, in which case the con dence in the surface impedance IE for the considered
strong current damping is due to the strong attenuation of structure.
The low radiation ef ciency of a half-wavelength nanothe principle discrete propagation mode. This view can be
fruitfully examined by considering the spectral characteristics radius antenna can be understood from the large surface
of an in nite dielectric cylinder having radius a and complex impedance (2), or from the propagation characteristics of
permittivity "m , where conductivity and permittivity are re- the principle mode on an in nite length wire. Fig. 3 shows
as a
lated by = j!"0 ("m ="0 1) for a good metal. In this case the real and imaginary parts of the principle mode
the current induced by a magnetic frill source of radius b is function of wire radius for a copper wire. For suf ciently large
radius, Re ( ) ' k0 and Im ( )
Re ( ), as expected, and
[13], [19],
therefore
current
resonances
on
a
nite-length
dipole antenna
Z 1
(2)
J1 ( m a) H1 ( 0 b) j z
occur
when
2L
'
n
=2,
n
=
1;
2;
:::,
where
is the freee
d ; (7)
I (z) = j!"m "0 b
Ze ( )
space wavelength. Since phase velocity is vp = != Re ( ),
1
for nano-radius values the principle mode becomes very slow,
where
and highly attenuated. Note also that since the values are
(2)
(2)
Z e ( ) = "m 0 J1 ( m a) H0 ( 0 a) "0 m J0 ( m a) H1 ( 0 a) normalized
;
by k0 , the attenuation at 100 GHz is actually more
(8) severe that at 10 GHz, even though the 100 GHz curve is below
and is the conductivity of the metal (S/m).
Expressing the electric eld as the sum of an impressed
eld, Ezi , and the eld due to the resulting current leads to
the standard Pocklington equation for the thin wire antenna in
free-space [11], [15]. Transforming the Pocklington equation
to the Hallén form [1], [16]–[17] results in
Z L
(K (z z 0 ) + q (z z 0 )) I a (z 0 )dz 0
(4)
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III. M ETAL C ONDUCTIVITY AND S URFACE I MPEDANCE AT
THE NANOSCALE
Before discussing further results, a discussion of metal
conductivity at the nanoscale is warranted. The conductivity
of bulk metal in the far-infrared and microwave regimes (i.e.,
ignoring interband electronic transitions) is given by the Drude
form [20]
(!) =

e2 Ne
0
=
;
me (1 + j! )
1 + j!

(10)

where 0 is the dc conductivity, Ne is the three-dimensional
electron density, me is the electron mass, e is the charge
of an electron, and is the electronic relaxation time. For
copper, Ne ' 8:46 1028 electrons/m3 and ' 2:47 10 14
7
Au
s [20], leading to Cu
0 = 5:9 10 S/m. For bulk gold, 0 '
4:6 107 (S/m).
For ordinary conductors having dimensions on the order of
the electronic mean free path (Lm ) or less, the dc conductivity
value 0 is changed from the bulk value. For copper, the
mean free path is approximately 40 nm at room temperature,
and for wires having effective radius values in this range,
size-dependent (mean-free path, not quantum con nement)
effects are important. This is due to scattering from the
metal's surface, and from grain boundaries [21]–[22]. A simple
approximate formula for the radius-dependent dc conductivity
of a circular cross-section wire is [22]
0

(a) = r (a)

r (a) =

(11)
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Fig. 2. Magnitude of the current induced by a magnetic frill source (b =
1:2a) on a copper wire having a = 1 m at f = 10 GHz. The solid curve is
obtained from the exact modal method (9) for the in nite wire, and includes
both the principle mode residue and the branch cut contribution. The solid
squares are obtained from the IE (4), where L = 40 to model an in nite
length wire. The dashed curve is the principle residue term.
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Fig. 3. Real and imaginary parts of the principle discrete mode
function of wire radius for a copper wire.

as a

where p is the specularity parameter for electron re ection
from the wire surface. This model was applied in [22] to
copper and silver wires with radius values a as small as 7 nm,
and good agreement with measurement was found. The model
(11) ignores grain-boundary scattering, which can further
reduce conductivity, although grain-boundary scattering can
be avoided; for example, in [22] transmission electron microcroscopy (TEM) showed that their samples had no signi cant
grain boundaries. A model for rectangular cross-section wires
that also includes grain-boundary scattering is provided in
[21], with the result that the form (11) is still valid with a
modi ed function r (a).
For the results in Fig. 3 and in all subsequent gures, (11)
was used with p = 0:5 [22], which, since grain-boundary
scattering is ignored, represents a best-case scenario. The
ef ciencies in Fig. 1 were computed using the bulk conductivity, and so the small-radius values would be even worse if
(11) was included. Note that the use of the radius-dependent
conductivity (11) has only so-far been veri ed for dc – at this
point it has not been experimentally con rmed that (11) needs
to be used in (10) for GHz-THz frequencies. However, given
the fact that !
1 in this frequency range, it is likely that
(11) applies at least through the lower THz range.
The surface impedance (2) has a resistive part, accounting
for dissipation, and a reactive part, accounting for inductance.
Because we are interested in very small radius wires, and
because of the importance of kinetic inductance in this limit,
and for carbon nanotubes discussed later, it is worthwhile to
consider zs in the small radius limit. Upon expanding the
2
Bessel functions as J0 ( a) ' 1 ( a) =4 and J1 ( a) '
3
( a) =2 ( a) =16 for j aj
1 [23] (i.e., when radius
is much smaller than the shin depth), using the binomial
expansion in the dominator and keeping terms up to quadratic
order, then
zs = Rsr + j! (Lk + Ls ) ;

(13)

4

1, where, writing
r
2+
r

=

r

j i,
i
2
r

0
:
8
(14)
Lk is the kinetic inductance (H/m) due to energy associated
with the inertial mass of the electrons [24], and Ls is the usual
self (internal) inductance (H/m) of a long straight nonmagnetic
wire [14]. Both inductance expressions can be derived by
independent methods by assuming that current is uniformly
distributed over the cross-section of the wire.
For lower THz frequencies and below, where !
1 such
that ' 0 (a) (1 j! ),

Rsr =

Rsr '

a2 (

1

a2

0

(a)

2) ;
i

=

Lk =

a2 ! (

+

2) ;
i

Ls =

me
1
; Lk = Rsr :
2
2
a e Ne r (a)

10

10

10

(15)

For macroscopic radius wires Lk
Ls , and so typically
kinetic inductance is ignored compared to other inductances
in the system. However, for extremely small radius wires Rsr
is very large, and the kinetic inductance Rsr can be much
larger than Ls . From (15)p
and ignoring the r (a) factor, it is
8me = 0 e2 Ne kinetic inductance
easy to see that for a
will be larger than self-inductance. For copper a
51 nm,
which increases to 56 nm when r (a) is included. Furthermore,
excepting superconductors, the kinetic reactance ! Rsr will
be small compared to the ohmic resistance Rsr . For copper,
! = 1 when f = 6:44 THz, and so well below this frequency
ohmic resistance is the dominate contribution to the surface
impedance.
Note that from (10), the effect of reduced conductivity
(11) due to mean-free-path effects corresponds to an effective
reduction in the carrier density. Therefore, this effect can be
incorporated in the kinetic inductance and ohmic resistance
terms (15) by replacing 0 with 0 (a) = r (a) 0 , or by
replacing Ne with r (a) Ne . The described radius-dependent
effect on conductivity is expected to be valid down to radius
values of a few nanometers. Below this, because the Fermi
wavelength of electrons in typical metals is approximately 0:5
nm, quantum con nement effects become important.
Using the standard formula for power attenuation,
Ap = 8:686 Im ( ) dB/m,

10 1

A P (dB/ µm)

for j aj

(16)

Fig. 4 shows the attenuation (dB/ m) for the principle mode
at f = 100 GHz (similar results corresponding to the f =
10 GHz data in Fig. 3 are omitted for clarity). The lower
solid curve was computed assuming bulk copper conductivity,
the upper solid curve assumes bulk gold conductivity, and
the dashed curves are the corresponding results using the
reduced conductivity (11). Also shown is the conductivity
pro le 0 (a) = 0 = r (a) from (11)–(12). It can be seen that
attenuation dramatically increases as wire radius decreases,
and that for radius values less than a few hundred nanometers,
conductivity reduction due to radius dependent effects, and the
associated increase in attenuation, are important.
IV. R EQUIREMENTS FOR O BTAINING A D ESIRED
R ADIATION E FFICIENCY
In order to achieve good radiation ef ciency using a
nanoscale radius wire, it is necessary to maintain a suf ciently
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Fig. 4. Attenuation (dB/ m) for the principle discrete mode at f = 100
GHz. Lower solid curve: bulk copper, upper solid curve: bulk gold, dashed
curves are the corresponding results using the reduced conductivity (11). Also
shown is the radius-dependent conductivity pro le (right axis) from (12).

small wire impedance per unit length. From
Rrad
"rad =
;
(17)
Rrad + Rohmic
where Rrad is the radiation resistance and Rohmic is the ohmic
resistance, the required ohmic resistance to achieve a desired
radiation ef ciency is
req
Rohmic
= Rrad

1
"rad

1 :

(18)

The ohmic resistance associated with a given current distribution on an antenna can be written as the product of a per-unitlength resistance R0 that only depends on the wire material,
and a length parameter L0 that depends on the current pro le
along the antenna [1],
Rohmic = R0 L0 ;

(19)

R0 = Re (zs )

(20)

where
( =m). This comes from the de nition of Rohmic =
2
2Pohmic = jIin j , with
Z
1
2
Pohmic = Re (zs )
jI (z)j dz;
(21)
2
and therefore
Z
1
2
L0 =
jI (z)j dz
(22)
2
jIin j
where the integration is taken over the length of the antenna
(in this case the current is taken as lamentary, and any skindepth effects are accounted for via zs ). From (18) and (19),
the required per-unit-length resistance to achieve a desired
radiation ef ciency is therefore
0
Rreq
=

Rrad
L0

1
"rad

1 :

(23)

5

As an example, for a half-wavelength dipole assuming a
sinusoidal current distribution, L0 = =4. For a triangular
current on a dipole of length 2L
, (electrically short
dipole, ESD), L0 = 2L=3, and for a constant current on an
antenna of length 2L, L0 = 2L [1]. The radiation resistance
=2
for a half-wavelength dipole is approximately Rrad ' 73
0
ohms, so that the required value of R is
0
Rreq

=2

=

4 (73)

1
"rad

1 ;

(24)

which is shown in Fig. 5 for three frequencies of interest.
Regarding the accuracy of the formulas, note that the radiation resistance value of 73 ohms assumes an ideal sinusoidal
current. For high ohmic losses the current changes from
=2
sinusoidal to damped, and Rrad = 73 ohms is no longer valid.
This occurs approximately when "rad < 10%, and so (24)
is only valid for "rad & 0:1. (23) is more general, but the
formula is really only practically useful when L0 and Rrad
can be reasonably approximated by their values from simple
theory.
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req (a) '

a2 Rrad
L0

1

1

1

"rad

:

(27)

The resulting value of conductivity agrees very well with
numerical tests using the integral equation (4). For wire radius
not necessary small compared to skin depth, the desired value
of req can be found from
Re (zs )

1

Rrad
L0

"rad

1

(28)

= 0:

Fig. 6 shows the value of req (normalized by the bulk dc
copper value, 0 ) to achieve the indicated radiation ef ciency
for a half-wavelength dipole antenna as a function of radius
at f = 10 GHz. The required values for an electrically short
antenna are much larger, and won't be discussed here. The
conductivity of copper from (11) is also shown (normalized by
0 , and ignoring grain-boundary scattering, leading to a bestcase result). It can be seen that, for example, if "rad = 1% is
tolerable, wire radius of a copper dipole can be as small as
100 nm (since the current is strongly perturbed from a sinusoid
for "rad = 1%, (4) rather than (27) was used to compute this
curve - for the other two ef ciencies shown (4) and (27) give
approximately the same result). If "rad = 10% is required,
the radius of a copper dipole must be 250 nm. Although not
shown on the scale of the graph, if "rad = 50% is required,
for a copper dipole the radius must be 750 nm. The curve
labeled MWCNT will be discussed later.
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Fig. 5. Required distributed resistance to achieve a given value of "rad at
f = 10, 100, and 1000 GHz for a half-wavelength dipole.
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and so the required distributed resistance is
=

10

10

For a short dipole [1]

0
Rreq

σ req/σ 0

R' req (Ω/m)

10

4
2
6

depth and !
1 in (10). Equating Rsr in (15) to the rightside of (23) leads to

1 ;

(26)

which is valid assuming a triangular current distribution. For
example, assuming a desired radiation ef ciency of 50% at
0
0
f = 10 GHz, Rreq
' 9:7 103 =m, and Rreq
'
=2
ESD
395 /m for an L = =100 = 300 m dipole.
An explicit expression can be determined for the required
metal conductivity to achieve a given value of radiation
ef ciency, for the case of wire radius much less than the skin

Fig. 6.
Required conductivity req to achieve the indicated radiation
ef ciency for a half-wave dipole antenna as a function of radius at f = 10
GHz. The curve labeled MWCNT will be discussed later, and the curve labeled
Cu is r (a) given by (11). 0 = 5:9 107 S/m is the bulk dc conductivity
of copper.

Fig. 7 shows the required conductivity to maintain 50%
radiation ef ciency for a half-wavelength dipole antenna at
several different frequencies. As frequency increases, good
radiation ef ciency can be maintained for fairly small radius

6

values (e.g., "rad = 50% for a copper dipole having a = 80
nm at 1 THz). This trend of decreasing minimum radius
with increasing frequency extends into the far-infrared, but
for frequencies such that ! > 1, conductivity begins to drop
from (10). Note that at 1 THz, =2 = 150 m, and so an
antenna having a = 80 nm and 2L = 150 m is physically
quite small, although the length of the antenna is very long
compared to nanometers. Since the conductivity of gold is
similar to copper in the examined frequency range, results for
gold wires will be very similar to those for copper, and are
omitted.
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materials. The conductivity of copper (gold and other highconductivity metals are qualitatively similar) as a function of
temperature is shown in Fig. 8, where 0 is the dc, room
temperature value of bulk conductivity. It can be seen that for
bulk copper at liquid nitrogen temperatures (' 77 K) conductivity is an order of magnitude larger than at room temperature,
while at liquid helium temperatures (' 4 K), conductivity
is increased by three orders of magnitude compared to room
temperature.
Unfortunately, this increased conductivity cannot be used to
achieve high radiation ef ciencies in nanoradius wire antennas
because of radius-dependent effects. Referring to (12), the
term Lm = 0 is independent of temperature [22], whereas
the bulk conductivity 0 increases with temperature. Since
the radius-dependent term in (11) is constant with respect
to temperature, the nano-radius wire conductivity does not
increase substantiality as temperature is lowered, even as
T ! 0 K. This is shown in Fig. 8 for various radius values,
where the data for bulk copper is from [25]. Hence, using
ordinary conductors and lowering the temperature is not a
feasible option to increase nanoradius wire conductivity.
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Fig. 7. Required conductivity to maintain 50% radiation ef ciency for a
half-wave dipole antenna at several different frequencies. The curves labled
MWCNT will be discussed later, and the curve labeled Cu is r (a) given by
(11). 0 = 5:9 107 S/m is the bulk dc conductivity of copper.
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Finally, if grain-boundary scattering can be ignored, equating (27) and (12) leads to the required wire radius to achieve
a certain radiation ef ciency, areq , given for !
1 by the
solution of
1
Lm
0 Rrad
a3req
1
= 0;
areq (1 p)
L0
"rad
2
(29)
where 0 is the bulk dc conductivity. If the value of areq is at
least a few times the term (1 p) Lm =2 (' 10 nm for copper
with p = 0:5), then
s
1
1
0 Rrad
areq '
1
:
(30)
L0
"rad
From the preceding gures, the question arises as to what
can be done to achieve the required conductivity values if,
for a given combination of frequency and radius, the resulting
ef ciency using an ordinary metal is not adequate. Several
possible solutions are discussed next.
V. L OW T EMPERATURES AND / OR S UPERCONDUCTING
M ATERIALS
One method to increase bulk conductivity is to lower the
temperature, while still using ordinary (not superconducting)
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Fig. 8. Conductivity of copper as a function of temperature, where 0 is the
dc, room temperature value of bulk conductivity. The result for bulk copper
is shown (data from [25]), as well as for wires with various radius values.

Although radius-dependent effects limit low-temperature
ordinary conductivity, the use of superconducting nanowires
is possible. Superconductivity is a macroscopically coherent
electronic state, and a basic question is the effect of nanoscale
radius on superconducting wire properties. However, it has
been shown that superconductivity exists in nanowires with
radius values as small as a = 6 nm [26]–[28], opening up
the possibility of superconducting nanowire interconnects and
antennas. A complete survey on the use of superconductors
in antenna applications is beyond the scope of this work,
and here we simply note the summaries in [29] and [30].
As a concrete example, niobium has been considered for
superconducting nanoscale radius interconnects [31]–[32] due
to its good mechanical stability and electrical properties. The
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complex conductivity can be written as [24], [32]
sc

(!; T ) =

r

(!; T )

j

i

(31)

(!) ;

where
r

i

=

(!) =

n

e kB T

2
kB T

2

ln

e

1 + e kB T

0!

1
!

;

(32)
(33)

2 ;
0 L

where n = 27:8 MS/m is the normal conductivity of niobium
just above the critical temperature TC ' 9:3 K, kB is
Boltzmann's constant, 2 = 3:05 meV is the gap energy,
0 = h=2e is the ux quantum (h is Planck's constant), and
L ' 86 nm is the London penetration depth. The expression
(32)–(33) is valid in the superconducting state below the gap
frequency f = =e 0 ' 738 GHz.
From (14) and (23), the required radius to achieve a certain
radiation ef ciency using a superconducting wire is
! 1=2
Rrad 2r + 2i
1
sc
1
:
(34)
areq =
L0 r
"rad
For niobium at f = 10 GHz and T = 4:2 K, Table 1 shows the
required radius to achieve the indicated radiation ef ciency for
a half-wavelength dipole. As a check on (34), good agreement
was found with the computed values of "rad from IE (4) using
(31).
asc
req (nm)
20
23
28
35
51
81

"Rad (%)
75
80
85
90
95
98

Table 1. Required radius asc
req of a niobium half-wavelength dipole
antenna at 10 GHz and 4:2 K to produce the indicated radiation
ef ciency.

Furthermore, since i
T = 4:2 K, sc = 0:012
reduce to
Rsr =
Lk '

(e.g., at f = 10 GHz and
j1:7 GS/m), the expressions (14)
r

r
2+
r

a2 (
1
a2 !

Rewriting
Rsr =

where the required distributed resistance is given by (26),
although superconductivity does not eliminate the small bandwidth problems associated with short antennas [29]. One
positive aspect of superconducting antennas is that cooling to
cryogenic temperatures may be consistent with the functioning
of some nanoelectronic circuits, where suppression of thermal
energy is often important in preserving quantum effects.

(35)
(36)

:
i

1
a2

2)
i

r
;
a2 2i

'

2+ 2
r
i

=

1
a2

;

(37)

ef f

r

where ef f ' 2i = r , then (27) is also valid for superconductors upon replacing 0 (a) with ef f .
From Table I, it is obvious that very good ef ciencies can
be achieved using extremely small radius superconducting
nanowires. Superconducting nanowires can also obviously be
used to improved the ef ciency of electrically short dipoles,

VI. C ARBON NANOTUBES
Another possibility for achieving large conductivities is
through the use of carbon nanotubes (CNs). Single-wall carbon
nanotubes (SWCNTs) are hollow tubes with the tube wall
being a mono-atomic layer of hexagonally-bonded carbon
atoms [33]. SWCNTs typically have radius values from less
than a nanometer to several nanometers, and lengths can be (at
least) centimeters. Electrically, carbon nanotubes can be either
metallic or semiconducting, depending on their geometry [33].
Carbon nanotubes may be good candidates for nanoantennas and nano-interconnects since they are stronger than
conventional metals, and have excellent thermal and electrical
properties [33]. SWCNTs can support current densities up to at
least 109 A/cm2 , signi cantly larger than traditional metals in
this size range (typically having maximum current densities on
the order of 105 A/cm2 ). The impressive characteristics of CNs
are partly due to intrinsic material properties associated with
the carbon-carbon bond, but also due to the fact the carbon
nanotubes can be fabricated as one-dimensional conductors
with very few defects. In comparison, typical nanowires suffer
from surface and grain-boundary scattering, electromigration
[34], and oxidation (for some materials, such as copper [35]).
Previous work on carbon nanotube antennas considered
single wall tubes [2], [17], [36]–[38]. As described below,
the very large surface impedance of a SWCNT leads to
exceedingly low radiation ef ciencies, although the use of
carbon nanotube bundles or large-radius multi-wall carbon
nanotubes may overcome this problem.
A. Single Wall Carbon Nanotubes
For a SWCNT, the two-dimensional surface conductivity
(S) can be obtained from a semiclassical Boltzmann transport
equation [39]–[40], leading to
cn

(!) '

cn
2e2 vF
0
=
;
2 }a (1 + j! )
(1 + j! )

(38)

where vF is the Fermi velocity (vF ' 106 m/s), } is the
reduced Planck's constant, and is the relaxation time which
accounts for electron interactions with acoustic phonons [41].
From [42], = 2a= ( T ), where T is temperature and is
a constant with units m/Ks. The value of
obtained from
experiment is in the range 9:2 12, yielding in the range
of 10 13 to 10 12 for typical radius tubes, and here we use
= 12. For a single-wall carbon nanotube, rather than (2),
the distributed impedance
zcn =

1
2 a

= Rcn + j!Lcn ;
cn

(39)
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( /m) should be used in (4)–(6), where
1
T
h
h
Rcn = 2
= 2
;
(40)
4e 2vF
4e vF 4a
1 h
' 3:38 nH/ m.
(41)
Lcn = Rcn =
4 2e2 vF
Lcn is the kinetic inductance of the nanotube, in agreement
with the value derived by independent methods [43]–[44].
The expression for the ohmic resistance Rcn agrees with that
obtained in [45].
For a typical tube such as the (20; 20) armchair tube having
a = 1:356 nm, the room temperature impedance at 10 GHz is
zcn ' (4:4 + j0:2) k / m, and zcn ' (6 + j0:2) k / m for
a = 1 nm. Measurements on good-quality nanotubes having
radius values in the a = 1:5 nm range has shown a resistance
of Rcn ' 6 k / m at least through 10 GHz [46], in fairly good
agreement with (40). Note that since ballistic transport is not
contained in (38), the associated impedance, and the presented
IE model, is only valid for tubes that are long compared to
the mean-free path, which is on the order of a micron for a
SWCNT.
A comparison between the conducting qualities of long
metallic carbon nanotubes and metals wires is useful. A
typical radius of a SWCNT is 1 2 nm, with an impedance
of approximately 6 k / m. For a solid copper wire at 10
GHz, the impedance of a 1 nm radius wire is, from (2)
and (11), zs ' (59 + j0:092) k / m. For a 2 nm wire,
zs ' (8 + j0:013) k / m (the real part is only dependent
on radius, and is constant in frequency through the low THz
range). These values ignore grain-boundary scattering, which
may considerably increase the resistance. Therefore, it can
be seen that metallic carbon nanotubes are better conductors
than copper wires having similar radius values. However, it is
unlikely that good-quality copper wires could be fabricated at
these small radius values, and so the comparison is somewhat
arti cial. In summary, although SWCNTs have an effective
conductivity that is greater than a typical metal, a suf ciently
large radius metal wire, say, having radius values above 10 20
nm, will be a much better conductor than a single SWCNT
having a = 1 2 nm.
B. Carbon Nanotube Bundles
The excellent intrinsic properties of SWCNTs lead to
promising applications if the large impedance associated with
their small radius can be overcome. This naturally leads to the
idea of using bundles of CNs to form conducting wires [47]–
[50]. As another comparison with copper, consider that a 20
nm radius copper wire with no grain-boundary scattering has
an impedance from (2) of 20 / m through the THz range.
Assuming 1 nm radius nanotubes, the same cross-sectional
area could accommodate N = 400 tubes in a nanotube bundle,
and the overall resistance would be (dividing 6 k / m by N ),
15 / m. As discussed in [49]-[50], dense CN bundles of
metallic tubes may have conductivity (per unit cross-sectional
area) an order of magnitude greater than metal interconnects,
if the radius of the individual nanotubes is suf ciently small.
Given the likelihood of signi cant electron scattering, and
of electromigration and other effects in metal nanowires, CN

bundles may be an attractive option for nanoradius antennas.
However, currently it is more feasible to fabricate large radius
multi-wall carbon nanotubes, which also show signi cant
improvements over metals.
C. Multi-Walled Carbon Nanotubes
Multiwall carbon nanotubes (MWCNTs) consist of concentric carbon nanotubes, with the spacing between adjacent walls
' 0:34 nm, which is the distance between atomic planes in
graphite. Viewing each wall of the MWCNT as a SWCNT,
each wall should have a distributed resistance (40) (the value
of
' 12 quoted after (40) is for a SWCNT, resulting in
a mean-free path on the order of a micron. For a MWCNT,
the mean-free path can on the order 20 30 m [51], and
so the the appropriate value of
needs to be considered).
Thus, N concentric metallic tubes having length on the order
of the mean-free path should have a resistance R0 =N , where
R0 = h=4e2 , in the same way as an N -tube SWCNT bundle.
However, measured resistance on MWCNTs can be much
larger than this value for two principle reasons. First, since
some tube walls will generally be semiconducting, assuming
those walls don't contribute to conduction reduces the effective
value of the number of walls to M < N , where M is the
number of conducting walls. Second, and most importantly,
often electrical contact is only made to the outermost wall,
unless special care is taken, in which case the resistance would
be approximately R0 .
Fortunately, for relatively large diameter MWCNTs where
contact is made to all tube walls, room temperature resistance
can be actually be much lower than R0 =N [51]. This can again
be attributed to two reasons. First, due to the large diameter, at
room temperature any semiconducting tube walls will conduct
since the electronic energy gap of a semiconducting nanotube
decreases with increasing tube diameter as Eg ' 0:38=d eV,
where d = 2a is the tube diameter in nanometers. Therefore,
for diameters larger than approximately 15 nm the energy gap
will be small compared to room temperature thermal energy,
which results in, effectively M ' N . Second, for large wall
diameters and suf ciently high temperatures, many electronic
subbands can also participate in conduction, lowering the
effective value of resistance for each wall (SWCNTs have
two electron channels [33]). Measurements in [51] for a 25
m long MWCNT having amax = 50 nm and amin = 25 nm,
where amax and amin are the radius values of the outer and
inner wall, respectively (thus, approximately 74 walls should
be present) show that R ' R0 =230, rather than R = R0 =74
which would be expected using a naive theory. However, it
should be appreciated that special care needs to be taken to
contact all tube walls.
Based on the work in [51], an expression for MWCNT
conductivity (S/m) was developed in [52], and for Dmax > 6
nm results in
mw

=

2
a0
L
Dmax
+ b0
a0
(42)
2
Dmin
2
l0
Dmin
L
Dmax + L=l0
LG0
1
ln
;
2
2
Dmax
Dmax
Dmax
l0
Dmin + L=l0
2

1
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where Dmax = min = 2amax = min , l0 = 1000, a0 = 0:0612
nm 1 , b0 = 0:425, and G0 = 2e2 =h is the conductance
quantum. When the length of the tubes becomes much longer
than the mean free path, L
l0 Dmax , (42) reduces to
mw

=

G0 l 0
2

7
3
a0 Dmax + b0 ;
24
8

(43)

assuming Dmin = Dmax =2.
The per-unit-length impedance of a hollow conducting tube
having conductivity mw (S/m) and wall thickness dmw small
compared to the skin depth is [11]
1
:
(44)
zmw =
2 a ( mw dmw )
As a test of (42), in [51] a measured dc resistance of 34:4
was reported for a MWCNT having Dmax = 100 nm, Dmin =
Dmax =2, and length L = 25 m. Using (44) with (42),
zmw L = 60 , in reasonable agreement with measurement.
As another check, in [53] multi-wall contact was established
with a 2:6 m long, 8:6 nm diameter MWCNT nanotube, and
a resistance of 2:4 k was measured. In comparison, (44)
predicts 4:5 k . In both cases the developed theory is within
a factor of two with experiment.
Assuming the special (but practical) case of a = amax ,
dmw = amax amin = amax =2, then
1
;
(45)
zmw =
2
a mw
which has the same form as (20). Therefore, mw can be
directly compared to conductivity for a metal wire. In Fig. 6,
the curve labelled MWCNT is mw = 0 , where mw is found
from (42) for tube length =4 (i.e., the length of one arm of a
half-wavelength dipole antenna), and 0 is the dc conductivity
of bulk copper. It can be seen that a 50 nm radius MWCNT can
provide approximately a factor of ve improvement compared
to copper, resulting in 1% radiation ef ciency (which is not
reached for a copper wire until a = 100 nm). The MWCNT
curve is only shown till a = 100 nm, and, in fact, most
tubes have a . 50 nm. Furthermore, if the tube circumference
becomes too large, the loss of phase coherence around the
perimeter of the tube may invalidate the derived formula.
The curves labeled MWCNT in Fig. 7 are similarly obtained, although in each case the nanotube length was adjusted
to be a quarter wavelength at the various frequencies (the
upper curve is for 10 GHz, the middle curve for 100 GHz,
and the lower curve, 1 THz). It can be seen that in each case
a signi cant improvement over copper can be obtained.
Finally, it should be mentioned that measurements on a
parallel array of large-diameter MWCNTs showed free-space
=2 resonant effects in the optical band [54], con rming the
high conductivity of large radius MWCNTs even at optical
frequencies. Therefore, currently, large-radius (a
50 nm)
MWCNTs seem to be good candidates for nano-radius antenna
applications (even through optical frequencies). MWCNT antennas are also discussed in [55].
VII. C ONCLUSIONS
The radiation ef ciency of nano-radius wire antennas is very
low due to large impedances and the associated high ohmic

losses at these sizes. The surface impedance of nanoradius
wires has been discussed, and the relationship between wire
radius, frequency, conductivity, and ohmic loss has been illustrated for dipole antennas. The connection between the current
on a wire antenna, and the current associated with the principle
discrete propagation mode on an in nitely-long metallic wire
has been discussed, both of which provide complementary
ways to view the attenuation problems of nanoradius wires.
Several possible methods to improve the radiation ef ciency
of sub-100 nm radius dipole antennas have been considered,
including the use of superconductors and multi-wall carbon
nanotubes.
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