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In this work, we study the in-plane optical phonon modes of current-carrying single-layer graphene whose
coupling to the π electron gas is strong. Such modes are expected to undergo a frequency shift compared to
the non-current-carrying state due to the nonequilibrium occupation of the Dirac cone electronic eigenstates
with the flowing π electron gas. Large electron-phonon coupling can be identified by an abrupt change in the
slope of the phonon mode dispersion known as the Kohn anomaly, which mainly occurs for (i) the in-plane
longitudinal optical (LO) and transverse optical (TO) modes at the Brillouin zone (BZ) center ( point), and
(ii) the TO modes at the BZ corners (K points). We show that the breaking of the rotational symmetry by the
DC current results in different frequency shifts to the -TO and -LO modes. More specifically, the DC current
breaks the TO-LO degeneracy at the  point which ideally would be manifested as the splitting of the Raman G
peak.
DOI: 10.1103/PhysRevB.105.235405
I. INTRODUCTION

Recently, growing interest in studying the impact of DC
current on surface plasmon polaritons (SPPs) in graphene
[1] has emerged on both theoretical [2–13] and experimental [14,15] fronts. Such current-induced perturbation
to SPPs can be described by the nonequilibrium (NE)
electromagnetic response of the flowing π electron gas
[2–7].
The flow of the π electron gas also alters the static dielectric screening properties [4]; therefore, the screening of
the “electrostatic” interaction among the positively charged
carbon ions is altered by DC current. This translates into
the modification of the “spring constant” of the carbon pairs
due to their immersion in the flowing π electron gas. Ultimately, this hints at the possibility that the phonon mode
frequencies in graphene could be impacted by DC electric
current.
The phononic dispersion of graphene can be calculated by
constructing the dynamical matrix based on a purely ionic
potential [16–21] which leads to the bare phonon frequencies.
However, the screening of the interionic Coulomb interaction
due to the π electron gas must be taken into account which
leads to the renormalization of the bare phonon frequencies [22–24]. Such renormalization is the main mechanism
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through which certain phonon modes are impacted by DC
current, and the proposed effect will be discussed in detail in
this paper.
Graphene is described by a two-atom unit cell repeating
in two dimensions [25], which leads to the emergence of six
phonon modes corresponding to the six degrees of freedom of
this two-atom building block [18]. We represent these modes
by (ν, q) with ν and q being respectively the branch index and
the momentum vector of the phonon mode. Formally, these
phonon modes can be obtained by solving the D(q) · êν,q =
2
êν,q eigenvalue equation, with D(q), êν,q , and ων,q being
ων,q
respectively the 6 × 6 dynamical matrix, the six-dimensional
mode eigenvector, and the mode eigenfrequency, i.e., mode
frequency [26,27].
As shown in Fig. 1,  and K j points ( j = 1, . . . , 6)
represent the center and the six corners of the hexagonal first Brillouin zone (FBZ), respectively. The phonon
modes of interest in this work include the in-plane longitudinal and transverse optical phonon modes at the  point
( - LO/ - TO) and the in-plane transverse optical phonon
modes at the K j point (K j - TO) [28]. Since the electronphonon coupling (EPC) is large only for these modes [22], the
impact of the flowing π electron gas, which can be regarded
as a perturbation to EPC, is also expected to be non-negligible
only for these modes. The out-of-plane optical (ZO) phonon
modes are not expected to be affected by DC current due
to their weak coupling to the Dirac fermions in graphene
[29–31], and only in quasifreestanding graphene epitaxially
grown on Pt(111) the ZO branch has been reported to exhibit
signatures of large EPC in the vicinity of the  point [31]. The
phonon modes which are the focus of this work are denoted in
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denotes the residual broadening of the (ν, q) mode due
γν,q
to its involvement in scattering processes such as (i) phononphonon (anharmonic effects) [34], (ii) phonon-impurity, and
(iii) phonon-defect.
Introducing a small DC current to the π electron gas can
be modeled as a perturbation to the self-energy. Such currentinduced perturbation, δν,q , can be obtained by subtracting
the self-energy computed in the absence of DC current, (0)
ν,q ,
from its NE value [35], i.e.,

δν,q = ν,q − (0)
ν,q .

(3)

As a result, Eqs. (1) and (2) can be rewritten into
(0)
h̄ων,q

h̄ων,q
h̄γν,q


 

B
= h̄ων,q
+ Re (0)
ν,q +Re[δν,q ],


B
= h̄γν,q
− Im (0)
ν,q −Im[δν,q ],




(4)
(5)

(0)
h̄γν,q

FIG. 1. The two-dimensional reciprocal space corresponding to
the honeycomb lattice of carbon atoms in real space. The hexagon
colored in light red shows the first Brillouin zone, and the three
rhombi colored in light green show the other choices of summation
domain in computing the relevant quantities. The dashed circles
represent the (un)occupied eigenstates in the (valence) conduction
band of (p-) n-doped graphene. The gray filled circles show their
counterpart in the presence of DC current along the ŷ direction. In
general, the shift of the circles, which is parallel to the DC current,
does not have to be along ŷ and can be in any arbitrary direction.
The horizontal and vertical axes respectively describe the x and
y components of the crystal momentum, k, corresponding to each
point in k-space in units of 2π /3a with a ∼
= 0.142 nm being the
carbon-carbon bond length.

the (ν, q) representation as follows:
-LO:

(LO, q = 0),

-TO:

(TO, q = 0),

K j -TO: (TO, q = K j ),

j = 1, . . . , 6.

The interaction of a phonon mode, (ν, q), with the π electron
gas leads to (i) the renormalization of its frequency, ων,q , and
(ii) the emergence of a finite broadening, γν,q . The creation
and annihilation of electron-hole pairs in the π -π ∗ bands
arising from the scattering processes involving the (ν, q)
phonon mode lead to a phonon self-energy, ν,q , and the
electron-phonon interaction will thus be discussed via ν,q .
The resulting frequency renormalization and uncertainty are
expressed by [32,33]
B
h̄ων,q = h̄ων,q
+ Re[ν,q ],

(1)

B
− Im[ν,q ],
h̄γν,q = h̄γν,q

(2)

B
B
with ων,q
and γν,q
being respectively the frequency and broadening of the (ν, q) mode of undoped graphene wherein the
eigenstates in the valence band are all occupied and the eigenstates in the conduction band are empty [32]. The quantity

(0)
(0)
with ων,q
and γν,q
being respectively the frequency and broadening of mode (ν, q) in the absence of DC current.
Raman spectra of current-carrying graphene have been
measured in Refs. [36–39] where the variation in the position and/or bandwidth of the G and G peaks with respect
to the drain-source voltage have been mainly attributed to
Joule heating; however, no attempt has been made to isolate
the impact of the electron flow on these Raman features. In
principle, as the sample heats up due to Joule heating, such
isolation could be achieved by continuously cooling down the
sample to maintain a sample temperature independent of the
drain-source voltage.
In this paper, we investigate the direct (nonthermal) contribution of DC electric current to the position and bandwidth of
the Raman G peak at a given temperature. This contribution
is solely due to the asymmetric nature of the occupation of
the eigenstates around Dirac cones by the π electron gas in
its current-carrying state. The in-plane optical phonon modes
of graphene at the center and corners of its FBZ are known
to be responsible for the G and G features, respectively
[40]. Therefore, the impact of DC current on these Raman
features can be quantified by computing the current-induced
perturbation to the self-energy, δν,q , for the responsible
phonon modes, i.e., the  - LO,  - TO, and K j - TO modes
( j = 1, . . . , 6).
The generalized formalism to compute the phonon mode
renormalization will be explicitly discussed in Sec. II. In
Sec. III, a method will be introduced to approximately describe the occupation of the eigenstates within the valence and
conduction bands by the flowing π electron gas. In Sec. IV,
the computation of the DC-current-induced frequency shift
and broadening for the LO and TO modes at the  point
will be discussed along with the numerical results. The same
analysis will be repeated for the TO modes at the K j points
( j = 1, . . . , 6) in Sec. V. The experimental manifestation of
such current-induced modification to these phonon modes will
be discussed in Sec. VI. The findings of this paper will then
be summarized in Sec. VII followed by concluding remarks.
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II. SELF-ENERGY FORMALISM

Within the second-order perturbation theory, the selfenergy of the (ν, q) phonon mode due to its interaction with
the π electron
√ gas is given by the following integral over the
FBZ (i ≡ −1) [32,33,41,42]:

gS
[ν]
ν,q =
d 2k
Fs,s
 (k, q)
AFBZ FBZ
s,s =±
×

nF [Es (k + q), EF ] − nF [Es (k), EF ]
,
Es (k + q) − Es (k) − h̄[ων,q + iγν,q ]

(6)

]2 , and nF [E , EF ] denoting the
with gS = 2, AFBZ = 3√2 3 [ 2π
a
spin degeneracy, the area of the FBZ, and the Fermi-Dirac
(FD) distribution function given by

E − EF  −1
,
(7)
nF [E , EF ] = 1 + exp
kB Te
where Te and EF respectively denote the temperature and the
Fermi energy of the π electron gas, and kB is the Boltzmann
constant. The function Es (k) yields the energy eigenvalue of
the |k, s eigenstate of the conduction (s = +1) or valence
(s = −1) band. The tight-binding (TB) model yields Es (k) in
terms of the hopping parameters corresponding to the nearestneighbor (NN) and the next-nearest-neighbor (NNN) carbon
atoms in graphene, respectively denoted by t ∼
= 2.7 eV and
t ∼
= −0.2t [25],

(8)
Es (k) ∼
= st 3 + f (k) − t  f (k),
where f (k) is given as follows [25]:
√
√
3ky a
3
kx a , (9)
f (k) = 2 cos [ 3ky a] + 4 cos
cos
2
2
with a ∼
= 0.142 nm and k = kx x̂ + ky ŷ respectively being the
carbon-carbon bond length in graphene, and the crystal momentum vector measured with respect to the  point. The
expression given by Eq. (9) is valid for the choice of unit
vectors, x̂ and ŷ, shown in Fig. 1.
[ν]

2
In addition, Fs,s
denotes
 (k, q) = | k + q, s |∂ν,qV |k, s|
the electron-phonon scattering amplitude between the |k, s
and |k + q, s  eigenstates due to interaction with the (ν, q)
phonon mode, where ∂ν,qV is the derivative of the electronic
Kohn-Sham potential with respect to the atomic displacement
along the mode eigenvector êν,q [19,22,23,43]. The coupling
between electrons and phonons in graphene can be understood
from the TB model perspective by noting that the carboncarbon bond length in graphene is modulated by the phonon
modes, and the scattering amplitude obtained from the TB
model reflects the impact of the phonon-induced bond length
modulation on the NN hopping parameter [27,32,44,45]. In
the following sections, the electron-phonon scattering amplitude corresponding to the (LO, q = 0), (TO, q = 0), and
(TO, q = K j ) modes will be discussed in more detail and
the self-energy integral given by Eq. (6) will be simplified
accordingly.
B
Since ων,q
is the mode frequency of neutral graphene, it already contains the contribution of the π electron gas at ground
state. Therefore, in applying Eq. (1) to the case of neutral

B
, the term Re[ν,q ]
graphene at ground state, i.e., ων,q = ων,q
is expected to vanish. However, for undoped graphene (EF(0) =
0) at Te = 0 K, the self-energy integral in Eq. (6) yields the
following nonzero value:

gS
∼
VE
ν,q = −2
AFBZ


FBZ

[ν]
(k, q) d 2 k
F+,−
,
E+ (k + q) − E− (k)

(10)

where VE stands for virtual excitations; a term used in
Ref. [32] to refer to this contribution. Since the integration
B
cutoff energy is much larger than h̄ων,q
, for the majority of the
B
integration domain |E+ (k + q) − E− (k)|
h̄ων,q
is satisfied.
For this reason, one can ignore ων,q + iγν,q in the denominator
of the integrand in Eq. (6), hence the term “virtual excitations.” Therefore, to avoid double counting in Eqs. (1) and (2),
the self-energy given by Eq. (6) should be redefined according
to ν,q → ν,q − VE
ν,q [32,41].
As suggested by Eq. (3), the current-induced perturbation
to the self-energy can be obtained by subtracting the selfenergy computed in the absence of DC current, (0)
ν,q , from its
value computed in the presence of DC current, ν,q . Clearly,
since the contribution due to the virtual excitations does not
depend on the presence of DC current, DC-current-induced
perturbations do not contain any contribution due to the virtual
excitations.
It is worth noting that the set of Eqs. (1), (2), and (6) could,
in principle, be solved self-consistently. However, owing to
the perturbative nature of self-energy, our results did not
change considerably in the second iteration of calculations.
Therefore, in calculating the self-energy integral, we start with
B
B
and γν,q = γν,q
in Eq. (6), and the corrected values
ων,q = ων,q
for ων,q and γν,q obtained from Eqs. (1) and (2) will not be
inserted back into Eq. (6) for the second step of calculations.
III. THE NONEQUILIBRIUM STATE
OF THE FLOWING π ELECTRON GAS
A. Modeling the nonequilibrium occupation

Similar to the approach taken in Refs. [4,7], in the absence of DC electric current, the FD distribution function
in the phonon self-energy integral given by Eq. (6) should
be used with the equilibrium-state Fermi energy, i.e., EF(0) =
√
±h̄vF π ns , with ns being the density of electrons injected
into (EF(0) > 0) or pulled out of (EF(0) < 0) the graphene
sample, and h̄vF is the slope of the Dirac cones. Applying
drain-source voltage along the graphene channel drives the π
electron gas out of equilibrium, and the resulting NE occupation of the eigenstates in the valence and conduction bands can
be calculated using the Boltzmann transport equation (BTE)
[46–48]. A simpler alternative approach is to employ the phenomenological shifted Fermi disk (SFD) model [49] which
estimates the NE electronic occupation of current-carrying
graphene with the FD distribution function when used with
an angle-dependent Fermi energy. This model consistently
describes the occupation of the electronic eigenstates in the
vicinity of the FBZ corners. To elaborate, we first define θk
to be the angle between the crystal momentum vector relative
to the FBZ corner at K j ( j = 1, . . . , 6) and x̂, i.e., under the
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k → k − K j redefinition,
k = k[x̂ cos θk + ŷ sin θk ].

(11)

The SFD model simulates the NE occupation with a shift of
the Fermi disk, kshift , with respect to the corners of the hexagonal FBZ. This shift occurs parallel to the electron (hole) drift
velocity, v d = vd [x̂ cos θd + ŷ sin θd ], for positive (negative)
values of Fermi energy, EF(0) , i.e.,
kshift = ηkF(0) [x̂ cos θd + ŷ sin θd ],

(12)

where η ≡ kshift /kF(0)  1 is the shift of the Fermi disk in units
of the Fermi wave vector, kF(0) ≡ |EF(0) |/[h̄vF ]. Such a shift
leads to a θk -dependent NE Fermi energy [4,7],

EF (θk , θd )
= η cos [θk − θd ] + 1 − η2 sin2 [θk − θd ].
EF(0)
(13)
The drift velocity of electrons and holes in graphene, v d , can
then be calculated from [7]
 2π  kc
vF
k nF [h̄vF k, EF (θk , θd )]dk dθk , (14)
vd = 2
π ns 0
0
5
with sgn[x], vF = 3at
, and kc = 2kF(0) + 3at
kB Te respectively
2h̄
denoting the signum function, the Fermi velocity, and the cutoff for the radial k integration. The drift velocity is converted
to the surface current density, j s , by

 vd
j s = sgn EF(0) jF ,
(15)
vF

where jF ≡ ens vF and e denotes the charge of an electron. In
the η ∼ 1 limit, where the shift of the Fermi disk is comparable to its radius, the θk -dependent Fermi energy that is
formulated by Eq. (14) fails to give a consistent description
of the electronic occupation in both conduction and valence
bands at finite temperatures. For this reason, we restrict our
use of Eq. (14) to the case where the shift of Fermi disk is
small, i.e., η2
1. In this limit, Eq. (13) can be simplified
into
kF (θk , θd ) = kF(0) [1 + η cos (θk − θd )] + O[η2 ].

(16)

Figure 2 shows the drift velocity computed with Eqs. (13)
and (14) for modest values of kshift , and we observe that the
computed drift velocity still exhibits a linear behavior versus
kshift at temperatures as high as 600 K. This justifies that the
terms proportional to η2 or higher-order terms in Eq. (16) can
safely be discarded.

FIG. 2. The magnitude of the drift velocity, vd , computed using
Eq. (14) for Fermi disk shift values up to 0.1kF(0) for a graphene
sample with a carrier density of ns ∼
= 1012 cm−2 . (a) The vd -kshift
curves each generated assuming a fixed electron gas temperature,
Te , independent of the shift of the Fermi disk with Te ranging from
0.1 up to 600 K. The occupation of Dirac cones’ electronic eigenstates has been illustrated at high and low temperatures wherein the
(un)occupied eigenstates are shown with (blue) red, and the partially
occupied eigenstates are shown with white. (b) The dependence of
the drift velocity on Te at kshift = 0.05kF(0) , where the thermal spread
of the drift velocity values is marked with two arrows in (a).

For a momentum relaxation time of τm = 60 fs [50], a carrier density of ns = 1012 cm−2 , a drain-source voltage of
Vds = 0.1 V, and a channel length of lc = 5 μm, Eq. (17)
yields η ∼
= 0.01. We can obtain the channel mobility μc which
corresponds to the momentum relaxation time of τm = 60 fs.
As shown in Fig. 2, in the low-current regime the drift velocity
can be safely described by vd ∼
= ηvF . Therefore, the channel
mobility reads

B. The experimental relevance of the SFD model

Here, we present a series of simplified arguments to relate
the experimental parameters such as drain-source voltage,
gate voltage, and some of the geometrical parameters of a
graphene field-effect transistor (G-FET) to the parameters
introduced in the SFD model such as kshift and EF(0) . The shift
of the Fermi disk can be obtained from the channel length, lc ,
the drain-source voltage, Vds , and momentum relaxation time,
τm [49]:
η=

kshift ∼ eVds τm
.
=
√
h̄lc π ns
kF(0)

(17)

μc ≡

vd ∼ eτm 3at
,
lc = √
Vds
h̄ π ns 2h̄

(18)

which yields a channel mobility of μc ∼
= 4500 cm2 /(V s). On
the other hand, the normalized drift velocity values shown in
Fig. 2 can be converted to a value for surface current density
when multiplied by jF = ens vF ∼
= 1.4 mA/μm. Multiplying
the resulting surface current density by the channel width wc
yields the total current that flows through the channel. For
η∼
= 0.01, the curves presented in Fig. 2 yield vd /vF ∼
= 0.01,
which corresponds to a channel current of Ic ∼
= 70 μA for a
graphene ribbon of width wc = 5 μm [51]. Also, we can find
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an estimate for the gate voltage, Vg, needed to achieve a certain
carrier density,
Vg ∼ ens
,
=
tg
gε0

(19)

with g, ε0 , and tg respectively being the gate dielectric constant, the permittivity of vacuum, and the gate thickness. The
expression given by Eq. (19) is obtained based on a simplified approach which models the gate and the channel as two
plates of a capacitor. Assuming the thickness and the dielectric
constant of the gate to be tg = 300 nm and g = 3 [36,52–
55], the expression given by Eq. (19) suggests that a gate
voltage of Vg ∼
= 18 V is required to achieve a carrier density
of ns = 1012 cm−2 . For a comprehensive study of G-FET
devices, see Ref. [56].
In the following sections the results will be reported in
terms of the shift parameter, η, and the equilibrium-state
Fermi energy, EF(0) , rather than channel current density, the
drain-source voltage, and/or the gate voltage.
IV. CURRENT-INDUCED PERTURBATION
TO THE IN-PLANE OPTICAL PHONON MODES
AT THE FBZ CENTER

upon increasing the carrier density with no DC current present
[67,68]. Depending on the experimental data set at hand, one
could obtain a slightly different value for β, and in that case,
all the numerical values for the phonon mode renormalizations and current-induced perturbations reported in our work
can be corrected upon multiplication by β 2 /4.
In the absence of DC current, graphene can be regarded
as isotropic for very large phonon wavelengths, i.e., q = 0,
and therefore any set of mutually orthogonal in-plane unit
vectors can be selected as the eigenvectors of the dynamical
matrix at q = 0. However, the presence of DC current breaks
this isotropy, and the eigenvectors of the perturbed dynamical
tensor at q = 0 are expected to be constructed from the unit
vector defined by the introduced preferential direction. As
a result, the in-plane atomic vibrations corresponding to the
(LO, q = 0) and (TO, q = 0) modes should be parallel and
perpendicular to the surface current density, respectively (for
a detailed discussion, see Appendix A). As a consequence, θq
in the equilibrium-state scattering amplitude given by Eq. (20)
should be replaced with  = θd ± π at q = 0, and the expression for the scattering amplitude of the ν = {LO, TO} modes
of current-carrying graphene reads

A. Scattering amplitude formalism

The electron-phonon scattering amplitude for the (ν, q)
phonon modes in the vicinity of the center of FBZ, i.e.,
|q| = q
a−1 , is given as [32,41,42,45,57–62]


[ν]
2 1 − lν ss cos (2φk,q )
,
(20)
Fs,s (k, q) = κ
2
where ν = {LO, TO}, and lν is a mode index which takes the
values of +1 and −1 for ν = LO and ν = TO, respectively.
Moreover, φk,q is defined as
θk+q + θk
− θq ,
(21)
2
where θk ≡ ∠(k, x̂), θq ≡ ∠(q, x̂), and θk+q ≡ ∠(k + q, x̂)
[63]. The coupling parameter κ for the ν = {LO, TO} modes
is given by the TB model as [32,42,45,61,62]

h̄
3tβ
∼
κ = √
(22)
= 0.24 eV,
2a 2Mω(0)
φk,q =

where M ∼
= 11.178 GeV/c2 is the mass of the 126 C
(0)
(0) ∼
carbon isotope and h̄ω(0) = h̄ωLO,0
= h̄ωTO,0
= 196 meV
−1
[22,32,57,64], or equivalently 1581 cm , is the frequency
of the degenerate (LO, q = 0) and (TO, q = 0) modes in the
absence of DC current. The measured values for the frequency
of these two modes in graphite range from 1565 to 1583 cm−1
[65]. Nevertheless, we take 1581 cm−1 as the nominal mode
frequency. Finally, β is a parameter which reflects the change
in the NN hopping parameter due to the change in the bond
length [32,66]:
β≡−

d[ln t]
.
d[ln a]

(23)

Following Ref. [32], all the numerical results in this paper are
calculated for β = 2. One method to obtain β is measuring
the steplike decrease of the linewidth of the Raman G peak

[ν]
F̃s,s
 (k, 0) =

κ2
{1 − lν ss cos (2[θk − θd ])}.
2

(24)

Computing the self-energy integral with the preceding scattering amplitude leads to corrections for the (LO, q = 0)
and (TO, q = 0) modes which are independent of the direction of the DC current. This can be verified by performing
the angular integration over the θ variable obtained by implementing the change of variable given by [θk − θd ] → θ
in Eqs. (13) and (24). This agrees with what one would
expect intuitively because the intravalley transitions caused
by the (LO, q = 0) and (TO, q = 0) modes are strictly vertical and should not be affected by the direction of DC
current.
A similar approach of utilizing the correct “longitudinal”
and “transverse” polarizations was taken in Refs. [69–71]
to interpret the G peak features of the Raman spectra for
graphene samples under uniaxial strain with the in-plane
atomic displacement of the  - LO and  - TO modes being
parallel and perpendicular to the strain axis, respectively.
Neglecting the correct polarization of the  - LO and  - TO
modes relative to the preferred axis in the graphene plane
leads to a frequency surface that is not single valued at q = 0.
For example, unlike Refs. [69–71], Ref. [72] did not utilize the
correct basis set for the eigenvectors of the  - LO and  - TO
modes in the case of graphene under uniaxial strain, which led
to the dependence of the self-energy corrections on the angle
of the mode momentum, q, even when q = 0.
Figures 3 and 4 show the frequency and broadening of
respectively the  - LO and  - TO modes in the presence of
DC current for several values of DC current, with the currentinduced perturbations being shown in the insets. The mode
frequencies shown in Figs. 3(a) and 4(a) are obtained by
subtracting the contribution of virtual excitations from the
computed self-energy corrections. Within the Dirac cone approximation, the contribution due to the virtual excitations can
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FIG. 3. Self-energy corrections obtained for the  - LO mode by
combining Eqs. (6)–(9), (13), and (22)–(25) for Fermi disk shift
values up to 0.1kF(0) at Te = 5 K. (a) Frequency and (b) broadening of the  - LO mode of current-carrying graphene versus the
equilibrium-state Fermi energy normalized by the frequency of the
 - LO mode of undoped graphene. The inset in each panel shows
the current-induced perturbation to the quantity shown in its respective panel versus the normalized EF(0) . The Fermi energy is varied
from 0 to 300 meV, and the current-induced perturbations exhibit a
resonantlike behavior at a sample carrier density corresponding to
EF(0) = h̄ω(0) /2 ∼
= 98 meV. In the presence of DC current, the  - LO
mode is defined as the mode with an in-plane atomic displacement
parallel to DC current flow.

FIG. 4. Self-energy corrections obtained for the  - TO mode by
combining Eqs. (6)–(9), (13), and (22)–(25) for Fermi disk shift
values up to 0.1kF(0) at Te = 5 K. (a) Frequency and (b) broadening of the  - TO mode of current-carrying graphene versus the
equilibrium-state Fermi energy normalized by the frequency of the
 - TO mode of undoped graphene. The inset in each panel shows
the current-induced perturbation to the quantity shown in its respective panel versus the normalized EF(0) . The Fermi energy is varied
from 0 to 300 meV, and the current-induced perturbations exhibit a
resonantlike behavior at a sample carrier density corresponding to
EF(0) = h̄ω(0) /2 ∼
= 98 meV. In the presence of DC current, the  - TO
mode is defined as the mode with an in-plane atomic displacement
perpendicular to DC current flow.

be obtained from Eq. (10), and the resulting expression reads
√
3 2
gS gV
VE
VE
κ [kc a],
(25)
LO,0 = TO,0 = −
4
πt 

low-current regime, i.e., η2
1, which will be discussed in
Sec. IV B. However, Eq. (26) can also be applied to the cases
wherein the sample temperature and residual broadening are
nonzero and moderately low to obtain an estimate for the
range of sample carrier densities where the current-induced
perturbations are non-negligible.
As shown in Fig. 5, the temperature of the electron gas
adversely impacts the current-induced perturbations to the
 - LO and  - TO modes. Since the renormalization of these
phonon modes is purely due to “vertical” interband electronic
transitions, the current-induced perturbations to these modes
are expected to vanish when the thermal smearing of the
Fermi level becomes of the same order as the current-induced
tilt in the Fermi level, i.e., kB Te ≈ η|EF(0) |. For example, for
a drift parameter of η = 0.1 and a Fermi energy of EF(0) =
98 meV, the current-induced perturbations to the  - LO and
 - TO modes are expected to vanish at temperatures exceeding 113 K.
The adverse impact of the residual broadening on the
current-induced perturbations to the  - LO and  - TO modes
is shown in Fig. 6. Since the broadening of a phonon mode
can be interpreted as the uncertainty with which the mode
frequency can be determined, the shift of the Fermi disk

with gV = 2 and kc being respectively the valley degeneracy
and the cutoff used in evaluating the self-energy integral for
the  - LO and  - TO modes. In our computations, we utilized
kc = [10kB Te + 8h̄ω(0) ]/[h̄vF ].
The frequency and broadening of  - LO and  - TO modes
presented in Figs. 3 and 4 exhibit a resonantlike behavior at
EF(0) = 0.5 h̄ω(0) = 98 meV, corresponding to a sample carrier
density of 9.24 × 1011 cm−2 . This behavior stems from the
damping of these phonon modes due to electron-hole pair
creation [67]. As it can be seen in Figs. 3 and 4, the onset of
such damping can be tuned by DC current, and in order for the
current-induced perturbations to be non-negligible, the sample
carrier concentration should be roughly within the following
range:
h̄ω(0)
h̄ω(0)
 EF(0) 
.
2[1 − η]
2[1 + η]

(26)

The expressions for the upper and lower bounds in Eq. (26)
can be derived at Te = 0 K for a clean sample and within the
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FIG. 5. Current-induced perturbation to the ν = {LO, TO}
B
= 8 cm−1
modes at q = 0 computed for a residual broadening of γν,0
and a drift parameter of η = 0.1, i.e., kshift = 0.1kF(0) , and at temperatures ranging from 0.01 to 100 K. (a) Current-induced frequency shift
and (c) current-induced broadening of the  - LO mode versus the
normalized equilibrium-state Fermi energy; their  - TO counterparts
are shown in (b) and (d). The data points corresponding to Te = 0 K
are actually calculated for Te = 0.01 K.

cannot be distinguished by the “vertical” interband electronic
transitions caused by the  - LO and  - TO modes if the mode
broadening is of the same order as the current-induced tilt of
the Fermi energy, i.e., h̄γν,0 ≈ η|EF(0) |. For instance, for a drift
parameter of η = 0.1 and a Fermi energy of EF(0) = 98 meV,
the current-induced perturbations to the  - LO and  - TO
modes are expected to vanish for residual broadening values
exceeding 80 cm−1 .
B. Analytic results for a clean sample at Te = 0 K

As indicated by Fig. 1 and Eq. (6), the computation
of current-induced perturbations involves a two-dimensional
integration over the reciprocal space. However, in the low1 and kB Te
current and low-temperature limit, i.e., η2
η|EF(0) |, both the frequency shift and broadening of the  - LO
and  - TO modes of current-carrying graphene can be approximated by a semianalytic formula, which involves a
one-dimensional polar integral, and the instructions to utilize this semianalytic formalism can be found at the end of
Appendix B.
Since the self-energy integral is calculated within the
framework of second-order perturbation theory, the interaction of the  - LO and  - TO modes with other phonon
modes, quasiparticles, impurity atoms and crystal defects can
be assumed to be negligible in first-order perturbation, a
scenario referred to as the “clean-sample” limit [32]. If the
clean-sample assumption is added to the low-temperature and

FIG. 6. Current-induced perturbation to the ν = {LO, TO}
modes at q = 0 computed at Te = 5 K, for a drift parameter of η =
0.1, i.e., kshift = 0.1kF(0) , and for multiple values of residual broadenB
, ranging from 1 to 100 cm−1 . (a) Current-induced frequency
ing, γν,0
shift and (c) current-induced broadening of the  - LO mode versus
the normalized equilibrium-state Fermi energy; their  - TO counterparts are shown in (b) and (d). The data points corresponding to
B
B
= 0 cm−1 are actually calculated for γν,0
= 1 cm−1 .
γν,0

low-current experimental setup, the broadening of the (ν, q =
0) mode can be approximated by an analytic expression at
Te = 0 K. The derivation steps for this expression can be
found in Appendix B. The analytic expression reads
√



27 h̄ 2 β 2 ψ + lν sin ψ cos ψ
∼
,
(27)
h̄γν,0 =
2M a
2
π
where ψ = ψ (EF(0) ) is given by
⎧
 (0) 
E   E (+)
⎪
π,
⎪
F
F
⎨
 (0) 
(+)

ψ ≡ arccos [B], EF  EF   EF(−)
⎪
 (0) 
⎪
⎩
E   E (−) ,
0,
F
F
and B = B(EF(0) ) is defined as
 (0)  (−)
E (E + E (+) ) − 2E (−) E (+)
F
F
F
,
B = F  F (0)  (−)
E (E − E (+) )
F

F

(28)

(29)

F

with EF(±) being
EF(±) =

h̄ω(0)
.
2[1 ± η]

(30)

The current-induced frequency shift and broadening calculated from the semianalytic formalism are presented in
Fig. 14, and it can be seen that the semianalytic values for
mode broadening approach those given by the analytic formalism as the residual broadening decreases.

235405-7

MOHSEN SABBAGHI et al.

PHYSICAL REVIEW B 105, 235405 (2022)

C. The impact of charge density inhomogeneity

As can be seen in Figs. 3–6, when the equilibrium-state
Fermi energy of the sample is set to be around EF(0) =
h̄ω(0) /2 ∼
= 98 meV, which corresponds to a carrier density
of ns ∼
= 9.24 × 1011 cm−2 , the current-induced perturbations
to the  - LO and  - TO modes become sensitive to the
carrier concentration of the sample. At this carrier concentration, δγν,0 vanishes while δων,0 is maximal for both ν =
{LO, TO} modes, provided that the carrier density is uniform over the area of the graphene sample that is irradiated
by Raman laser. However, the carrier density throughout a
typical graphene sample undergoes local fluctuations which
are manifested as electron and hole puddles [73–77]. On the
other hand, the laser light with which Raman spectroscopy is
performed can be focused down to a spot of 1 μm in diameter
[36,38,40,78,79]. Since the size of the charge puddles can
be as small as 10 nm [73–77], and therefore much smaller
than the laser spot size, the impact of the carrier density
fluctuations on Raman measurements cannot be neglected.
The impact of charge nonuniformity on the self-energy corrections, ν,q , can be quantified by performing a spatial
averaging of the self-energy over the sample points under the
laser spot [67,68]. This can be achieved by using a Gaussian
distribution to describe the statistics of the carrier density
fluctuations [73],
 (0)  (0)  2
 (0) 
1
1 EF − EF
exp −
,
(31)
p EF = 
2
σF
2π σ 2
F

with EF(0)  and σF being respectively the spatial average and
the variance of the Fermi energy [80]. The latter reflects the
severity of charge nonuniformity due to the electron ad hole
puddles [73] which can be expressed in terms of the average
and the variance of carrier density, that are denoted by respectively ns  and Var[ns ], as follows:
 Var[ns ]

σF = EF(0)
.
(32)
2 ns 
The same averaging approach can be adopted to incorporate
the impact of carrier density fluctuations on the currentinduced perturbations, δν,q . That is,
 ∞


δν,q  =
p EF(0) δν,q dEF(0) .
(33)
−∞

The carrier density fluctuations are determined by multiple
factors such as the type of substrate. References [67,68] report
a fluctuation of ±3 × 1011 cm−2 in carrier concentration, and
for our case we adopt this value for Var[ns ]. Assuming the
gate voltage to be set to a value that corresponds to an average Fermi energy of EF(0)  = h̄ω(0) /2, such charge density
variation translates into a variance in Fermi energy which
(0)
is determined by Eq. (32) to be σF ∼
= 16 meV.
= 0.16 EF  ∼
As can be seen in Figs. 3–6, the current-induced broadening
is roughly an odd function of EF(0) − ( h̄ω(0) /2) suggesting
that the spatial average of the current-induced broadening is
expected to vanish, and consistently, the computed values for
δ[h̄γν,0 ] did not exceed 0.1 cm−1 even for a clean sample at
Te = 5 K. The results for the spatial averages of the currentinduced frequency shifts are presented in Figs. 7–9.

FIG. 7. Spatial averages of the current-induced frequency shift
computed for the (a)  - LO and (b)  - TO modes versus the relative
shift of the Fermi disk (or, equivalently, versus the DC current). The
averaging of the frequency shifts is performed assuming an average Fermi energy of EF(0)  = 0.5h̄ω(0) ∼
= 98 meV (corresponding to
ns  ∼
= 9.24 × 1011 cm−2 ) for nine values of Fermi energy variance.
Prior to averaging, the current-induced perturbations were calculated
B
= 8 cm−1 for both
at Te = 5 K for a residual broadening of γν,0
modes. The dependence of the raw (unaveraged) data on EF(0) is
shown in the insets of Figs. 3(a) and 4(a).

It is worth pointing out that scanning probe microscopy
measurements indicate that charge inhomogeneity in a
substrate-supported graphene sample is mainly due to the
charged impurities embedded in its SiO2 substrate [73,74,81].
In Refs. [75,76], charge density fluctuations in graphene were
measured for two different cases using scanning tunneling
spectroscopy (STS), and the comparison between the case
where graphene is directly placed on an amorphous SiO2 substrate (i.e., graphene/SiO2 ) and the case where a 20-nm-thick
layer of crystalline hexagonal boron nitride (hBN) separates
graphene from the SiO2 substrate (i.e., graphene/hBN/SiO2 )
indicates that the charge inhomogeneity variance in graphene
can be considerably suppressed by the placement of hBN
layer. Moreover, the STS measurements reported in Ref. [77]
indicate that the separation of the hBN and SiO2 layers with a
graphite crystal (i.e., graphene/hBN/graphite/SiO2 ) substantially enhances the charge uniformity in graphene comparing
to the graphene/hBN/SiO2 stacked structure.
V. CURRENT-INDUCED PERTURBATION TO THE
IN-PLANE TRANSVERSE OPTICAL PHONON MODES AT
THE FBZ CORNERS
A. Scattering amplitude formalism

Due to their large momentum, the K j - TO phonon modes
( j = 1, . . . , 6) are capable of causing electronic transitions
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FIG. 8. Spatial averages of the current-induced frequency shift
computed for the (a)  - LO and (b)  - TO modes versus temperature. The averaging of the frequency shifts is performed assuming an
average Fermi energy of EF(0)  = 0.5h̄ω(0) ∼
= 98 meV (corresponding to ns  ∼
= 9.24 × 1011 cm−2 ) for nine values of Fermi energy
variance. Prior to averaging, the current-induced perturbations were
calculated for a drift parameter of kshift = 0.1kF(0) and a residual
B
= 8 cm−1 for both modes. The dependence of the
broadening of γν,0
raw (unaveraged) data on EF(0) is shown in Figs. 5(a) and 5(b).

from an eigenstate |k, s of one valley into the |k + q, s 
eigenstate of the adjacent valley, i.e.,
4π
q ∼ |K j | = √ ,
3 3a

j = 1, . . . , 6.

(34)

Assuming the mode momentum vector, q, to connect  to
the points in the vicinity of K j (see Fig. 1), the scattering
amplitude of the intervalley processes involving such (TO, q)
modes is given by [22,45,57–62]


[TO]
2 1 − ss cos (θk+q − θk )
(k,
,
(35)
Fs,s
q)
=
κ

K
2
where θk ≡ ∠(k, x̂) and θk+q ≡ ∠(k + q − K j , x̂) are the angles defined for the crystal momentum vectors k and k + q −
K j that are both measured with respect to the same given
FBZ corner. The coupling parameter κK obtained from the TB
model is as follows [45,61,62]:

h̄
3tβ
∼
κK =
(36)
= 0.37 eV,
a
2MωK(0)
(0)
being the TO mode frequency at q =
with ωK(0) = ωTO,K
K1 , . . . , K6 in the absence of DC current. Multiple measured
values have been reported for h̄ωK(0) , including 161.2 meV
[22,57], 149.8 meV [82], 166 meV [83], and 154 meV [84].
Since the squared scattering amplitude, and therefore the
current-induced perturbation to the K j - TO mode, is inversely

FIG. 9. Spatial averages of the current-induced frequency shift
computed for the (a)  - LO and (b)  - TO modes versus the residual
phonon mode broadening. The averaging of the frequency shifts is
performed assuming an average Fermi energy of EF(0)  = 0.5h̄ω(0) ∼
=
98 meV (corresponding to ns  ∼
= 9.24 × 1011 cm−2 ) for nine values
of Fermi energy variance. Prior to averaging, the current-induced
perturbations were calculated at Te = 5 K for a drift parameter of
kshift = 0.1kF(0) . The dependence of the raw (unaveraged) data on EF(0)
is shown in Figs. 6(a) and 6(b).

proportional to the mode frequency, we make the conservative
choice and accept the highest value as the nominal mode
frequency, i.e., h̄ωK(0) = 166 meV, or equivalently 1339 cm−1 .
Since the coupling of the K j - LO phonon mode to the π
electron gas is estimated to be less than 1.6% of its TO counterpart [58,60], the impact of DC current on the K j - LO modes
is negligible and will not be studied here. The computation of
the self-energy corrections, and therefore the current-induced
perturbations to the TO mode exactly at q = K j (i.e., q = 0),
is similar to those of the q = 0 modes discussed in Sec. IV,
with few differences. First, due to the intervalley nature of
the electron-phonon scattering processes which contribute to
the self-energy, the valley degeneracy does not appear in the
formalism. Second, the difference between the bare mode
frequencies at q = K j and q = 0 leads to different values of
the coupling constant and therefore different values of perturbations. In Ref. [33], the difference between these frequencies,
i.e., EK→K = h̄[ω(0) − ωK(0) ] ∼
= 30 meV, is interpreted as the
(phonon) energy required to translate an electron between two
adjacent FBZ corners. Third, in addition to the difference
in mode frequency, the electron-phonon coupling constant
for the TO mode obtained from the first-NN TB model at
q = K j is√greater than that of the TO mode at q = 0 by a
factor of 2. This is in agreement with the density functional
theory (DFT) calculation result reported in Ref. [22], which
is expressed by κK2 ωK(0) = 2.02 κ2 ω(0) . Fourth, the scattering
amplitude at q = K j becomes independent of θk , and since
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the interband intervalley processes are the sole contributors to
the self-energy of the K j - TO modes, the scattering amplitude
given by Eq. (35) reduces to 1.
In the case of the K j - TO modes, the contribution of the
virtual excitations which need to be removed from the selfenergy calculations is given by
√
3 2
gS
VE
(37)
TO,K = −
κ [kc a].
2 πt K
The computed current-induced perturbations to the K j - TO
modes are examined here versus several parameters, including
B
, and the numerical results are presented
kshift , Te , and γTO,K
in Figs. 10–12, respectively. Since the Raman G peak involves the (TO, q) modes with finite momentum, i.e., q =
|q − K j |  a−1 [33,59,85–87], the numerical results reported
for the K j - TO modes cannot be used to predict the impact of
DC current on the G peak. Since the magnitude and direction
of the reduced momentum vector, q , of the near-zone-corner
TO modes adds to the parameters to vary, the quantitative
study of the current-induced perturbations to these modes is
computationally expensive and therefore not included here.
Nonetheless, the computation of the self-energy of the
near-zone-corner TO modes can be accelerated by converting
the hexagonal FBZ domain to any of the rhombi shown in
Fig. 1, depending on which valleys are connected by q. The

FIG. 10. The self-energy integral obtained for the K j - TO mode
by combining Eqs. (6)–(9), (13), and (35)–(37) for Fermi disk shift
values up to 0.1kF(0) at Te = 5K. (a) Frequency and (b) broadening of the K j - TO mode of current-carrying graphene versus the
equilibrium-state Fermi energy normalized by the frequency of the
K j - TO mode of undoped graphene. The inset in each panel shows
the current-induced perturbation to the quantity shown in its respective panel versus the normalized EF(0) . The Fermi energy is varied
from 0 to 250 meV, and the current-induced perturbations exhibit a
resonantlike behavior at a sample carrier density corresponding to
EF(0) = h̄ωK(0) /2 ∼
= 83 meV.

FIG. 11. Current-induced perturbation to the TO mode at q =
B
= 8 cm−1
K1 , . . . , K6 computed for a residual broadening of γTO,K
and a drift parameter of η = 0.1, i.e., kshift = 0.1kF(0) , and at temperatures ranging from 0.01 to 100 K. (a) Current-induced frequency
shift and (b) current-induced broadening of the K j - TO mode versus the normalized equilibrium-state Fermi energy. The data points
corresponding to Te = 0 K are actually calculated for Te = 0.01 K.

FIG. 12. Current-induced perturbation to the TO mode at q =
K1 , . . . , K6 computed at Te = 5 K, for a drift parameter of η = 0.1,
i.e., kshift = 0.1kF(0) , and for multiple values of residual broadening,
B
, ranging from 1 to 100 cm−1 . (a) Current-induced frequency
γTO,K
shift and (b) current-induced broadening of the K j - TO mode versus
the normalized equilibrium-state Fermi energy. The data points corB
B
= 0 cm−1 are actually calculated for γTO,K
=1
responding to γTO,K
cm−1 .
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integration can be further reduced to a single-valley integration domain by translating one of the Dirac cones. The
single-valley integration routine designed to calculate the selfenergy and current-induced perturbations for the TO modes
in the vicinity of q = K j can also be applied to the q = K j 
corner by only rotating the shift direction of the Fermi disk by
∠(K j  , K j ).
The near-zone-corner TO modes which contribute to the
G peak are separated from the FBZ corners by a momentum proportional to the frequency of the Raman laser, i.e.,
q ∝ ωL [59,88]. Since the current-induced perturbation to the
near-zone-corner (TO, q ) modes should be negligible when
q
kF(0) and should be maximal when q ∼ kF(0) , the impact
of DC current on the G peak is expected to be maximal when
h̄ωL ∼ EF(0) . This requires large levels of carrier concentration,
i.e., EF(0) ∼ 1 eV, which can be achieved using an ion-gel gate
dielectric [89].
B. Analytic results for a clean sample at Te = 0 K

In the low-current and low-temperature limit, i.e., η2
1
and kB Te
η|EF(0) |, both the frequency shift and broadening
of the K j - TO mode of current-carrying graphene can be
approximated by a semianalytic formula, which involves a
one-dimensional polar integral, and the instructions to utilize
this semianalytic formalism can be found at the end of Appendix C.
In the clean-sample, low-temperature, and low-current
limit, the broadening of the (TO, q = K j ) mode can be
approximated by an analytic expression at Te = 0 K. The
derivation steps for this expression can be found in Appendix C. The analytic expression reads
√



27 h̄ 2 β 2 ψ
,
(38)
h̄γTO,K ∼
=
M a
2
π
where ψ = ψ (EF(0) ) is given by Eqs. (28) and (29) in terms of
EF(±) =

h̄ωK(0)
.
2[1 ± η]

(39)

The current-induced frequency shift and broadening calculated from the semianalytic formalism are presented in
Fig. 15, and it can be seen that the semianalytic values for
mode broadening approach those given by the analytic formalism as the residual broadening decreases.
Comparing the (semi)analytic expressions for the currentinduced perturbations to the K j - TO modes presented in
Appendix C and Eq. (38) with their  - LO and  - TO counterparts presented in Appendix B and Eq. (27) yields the
following relation at Te = 0 K:
δTO,K =

1 κK2 ωK(0)
[δLO,0 + δTO,0 ].
gV κ2 ω(0)

(40)

The left-hand side (LHS) of Eq. (40) is nonzero only for carrier concentrations corresponding to EF(0) ∼ h̄ωK(0) /2, while the
right-hand side (RHS) is nonzero only when EF(0) ∼ h̄ω(0) /2.
Since ω(0) = ωK(0) , this equality is valid only if the δ’s of
these three modes are computed at the same normalized frequency and broadening, i.e., the frequency and broadening

of the corresponding mode expressed in units of |EF(0) |. The
emergence of the ωK(0) /ω(0) ratio in Eq. (40) is a result of the
normalization of kF(0) in each of Eqs. (B3) and (C3) by the
frequency of the corresponding mode. Additionally, Eq. (40)
can be generalized to finite temperatures if both sides of this
equality are computed at the same normalized temperature;
i.e., if the LHS is computed at Te the RHS should be computed
at Te = Te ωK(0) /ω(0) for the equality to hold.
VI. DISCUSSION OF EXPERIMENTAL IMPLICATIONS

The experimental techniques to measure the phonon dispersion in graphene include (i) inelastic neutron scattering
(INS) [90], (ii) high-resolution electron energy-loss spectroscopy (HREELS) [91–93], (iii) inelastic x-ray scattering
(IXS) [65,83,94], (iv) angle-resolved photoemission spectroscopy (ARPES) [82], and (v) Raman spectroscopy [95–98].
Therefore, any of these techniques, including Raman spectroscopy, could be applied to measure the current-induced
perturbations.
As was shown in Sec. IV, the introduction of DC electric current breaks the LO-TO degeneracy at the  point,
and this could be manifested in the form of a splitting of
the Raman G peak. The intensity of Raman peaks can be
strictly computed using quantum mechanical perturbation theory [30,85,87,89,99–101]. However, it has been a common
practice among experimentalists to fit Raman peaks with
Lorentzians [37,67,69,102–106]. Therefore, to describe the
current-induced G-peak splitting, we take the simpler approach of modeling the G-peak intensity, IG (ωs ), with the
superposition of two Lorentzians, i.e.,
IG (ωs ) ∼
=

Iνm γν,0 2
,
[ωs − ων,0 ]2 + γν,0 2
ν∈{LO,TO}

(41)

with Iνm , ων,0 , and γν,0  being respectively the peak intensity
of the Lorentzian due to the (ν, q = 0) mode, the spatial
average of mode frequency, and the spatial average of mode
broadening. In the absence of DC current and mechanical
strain, these two modes become indistinguishable and conm
m
tribute to IG (ωs ) identically, i.e., ILO
= ITO
, ωLO,0 = ωTO,0 ,
and γLO,0 = γTO,0 . Finally, ωs denotes the Raman shift which
is defined as the shift in the incident photon frequency due
to the scattering processes involving the emission (ωs < 0) or
absorption (ωs > 0) of phonons.
As suggested by Eq. (41), the contribution of each mode
to the overall intensity is a Lorentzian that can be superposed
onto the contribution of the other mode. However, quantum
interference effects, such as the dependence of peak intensity
on carrier concentration [87,101], cannot be captured by the
superposition of intensities.
As it can be inferred from the phenomenological biLorentzian form given by Eq. (41), the separation between the
LO and TO peaks should be larger than the width of each of
the two peaks for the G-peak splitting to be observable. On
one hand, as shown in Figs. 7–9, |h̄ γLO,0  − h̄ γTO,0 | does
not exceed 1 cm−1 . On the other hand, the typical value of
broadening for both modes is around 10 cm−1 [67,68,87].
Therefore, this G-peak splitting will not be observable under moderate values of current, temperature, and sample
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TO cones to tilt at temperatures exceeding η|EF(0) |/kB . This
tilt may be observed using IXS measurements similar to those
performed in Ref. [83].
VII. CONCLUSIONS AND FUTURE WORKS

FIG. 13. Simulated Raman spectra of current-carrying graphene
versus the laser frequency shift. In calculating the intensities, the
spatial averages of the mode frequency shifts presented in Figs. 3
and 4 have been plugged into Eq. (41), and therefore the simulated Raman intensity curves represent the case where Te = 5 K and
0  kshift  0.1kF(0) . An average Fermi energy of EF(0)  = 0.5h̄ω(0) ∼
=
98 meV (corresponding to a carrier concentration of ns  ∼
= 9.24 ×
1011 cm−2 ) and a Fermi energy variance of σF = 2 meV are assumed
for the graphene sample under the laser spot. The solid and dashed
curves represent the Raman intensity for the two cases wherein
broadening values of respectively h̄ γν,0  = 0.2 cm−1 and h̄ γν,0  =
0.8 cm−1 have been assumed for both modes. The dashed lines trace
out the peak location of the two individual LO and TO Lorentzians.
For a more clear presentation of the evolution of peaks with DC
current, the simulated Raman spectra have been shifted vertically.

disorder. To demonstrate the adverse impact of the residual mode broadening, the simulated results are presented in
Fig. 13 in which increasing the residual broadening from 0.2
to 0.8 cm−1 causes the splitting to disappear. Nonetheless, it
should be still possible to observe and measure the overall
frequency up-shift and thickening of the G peak versus DC
current, provided that the impact of DC current could be isolated from that of temperature.
At equilibrium, the TO branch in the vicinity of the K j
points can be described by a conical dispersion, with its
slope being proportional to κK2 [22,64]. The impact of DC
current on the TO cones at FBZ corners can be explained
as follows. On one hand, the self-energy contribution of the
intraband intervalley transitions to the zone-corner TO modes
becomes non-negligible for modes of larger reduced momentum, q = q − K j [33,59,87]. On the other hand, unlike the
interband, the intraband contribution to the current-induced
frequency shifts is expected to persist at high temperatures.
Since the impact of DC current on the intraband portion of the
self-energy integral can be modeled by Doppler-shifted mode
frequencies, the application of DC current should cause the

The impact of DC current on highest in-plane optical
phonon modes, which include the LO mode at the FBZ center and the TO mode at the FBZ corners and center, has
been studied here. The impact of several parameters such
as temperature, sample disorder, and carrier concentration
has been explored. The current-induced perturbation to each
of these modes has been shown to be nonzero only within
a specific range of the sample carrier concentration. Moreover, (semi)analytic expressions were presented which make
it possible to obtain upper estimates for the current-induced
perturbations without having to perform two-dimensional integration.
Due to the interband nature of the electronic transitions
that contribute to the self-energy of  - LO and  - TO modes,
the current-induced perturbations to these modes are sensitive
to temperature and sample disorder. As a result, for moderately low values of DC current, the current-induced frequency
shifts are of the same order as the Raman spectral resolution
(∼1 cm−1 ). However, establishing larger DC currents in the
graphene sample while maintaining a relatively low temperature, i.e., kB Te
η|EF(0) |, could make it possible to detect the
current-induced frequency shifts.
The proposed current-induced perturbations, though moderately weak, call for the development of experimental
techniques to revisit the observed evolution of Raman peaks
with DC current [36–39] to isolate the nonthermal impact of
DC current on the G and G peaks. Clearly, the numerical results reported in this work are only valid for small DC current,
i.e., η2
1, and in the large-current limit the NE electronic
occupation should be obtained by solving the BTE. Moreover,
the expressions for the coupling parameters given by Eqs. (22)
and (36) do not hold for extreme NE electronic occupations
[43], and therefore need to be recalculated for large values of
DC current.
Raman maps of the frequency and linewidth of the G and
G peaks in graphene have been utilized to visualize local variations in substrate, carrier concentration, mechanical stress,
and number of layers [78,107–109]. Similarly, if the impact of
DC current on Raman peaks can be isolated from those of temperature, carrier concentration, and mechanical stress [110],
then local Raman measurements could be a versatile tool in
determining the distribution of electric current throughout the
sample, an experimental objective which has been achieved in
Refs. [36,111–119] owing to other physical mechanisms.
Raman intensity is the result of the constructive or destructive interference between the scattered and incident
resonances [87]. This leads to the dependence of Raman Gpeak intensity on carrier concentration which exhibits a peak
at 2|EF(0) | = h̄[ωL − (ω(0) /2)] [87]. Moreover, in the case of
uniaxially strained graphene, the Raman intensity due to the
 - LO and  - TO modes exhibits a dependence on the angle
between the laser polarization and strain axis [69–71]. Therefore, the dependence of Raman intensity of current-carrying
graphene on (i) the sample carrier concentration and (ii) the
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polarization of the Raman laser could be a subject of future
works.
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APPENDIX A: DISCUSSION ON THE EIGENVECTORS
OF THE LO AND TO MODES IN THE PRESENCE
OF DC CURRENT

Evidently, the term θq in Eq. (21) does not vanish even
for momentum vectors of extremely small magnitudes, i.e.,
θq→0 = 0. When evaluating the self-energy integral for the
(LO, q) and (TO, q) phonon modes exactly at q = 0 in the
absence of DC current, the contribution of the cosine term in
the scattering amplitude given by Eq. (20) vanishes due to the
isotropic electronic occupation around the Dirac points [32].
Therefore, in the absence of the DC current, the self-energycorrected mode frequency does not depend on the angle of
the momentum vector at q = 0, which is the expected behavior. However, in the presence of DC current, the anisotropic
occupation of the eigenstates around the Dirac points leads
to a nonzero contribution of the aforementioned cosine term
which results in the dependence of mode frequency on the
angle of the momentum vector, q, even at q = 0. This problem
can be traced back to the canonical representation of phonon
modes which relies on the choice of {q̂ , q̂⊥ } unit vectors
to decompose the in-plane mode displacement. These unit
vectors are given by [27,32]
q
q̂ =
(A1)
= x̂ cos θq + ŷ sin θq ,
|q|
q̂⊥ = ẑ × q̂ = ŷ cos θq − x̂ sin θq ,

(A2)

with ẑ being the unit vector perpendicular to the plane at which
the graphene sheet is placed. In the presence of DC current, the
eigenvectors of the dynamical matrix at q = 0 are expected to
be the in-plane unit vectors parallel and perpendicular to the
DC current. This remedy can be extended to the modes with
nonzero momentum by choosing the mode eigenvectors to be
parallel and perpendicular to q − kshift , which suggests that
the impact of DC current on the eigenvectors of phonon modes
of larger momentum should be less significant. Therefore, in
the presence of DC current we utilize the following set of
orthogonal vectors as the eigenvectors of the in-plane phonon
modes of graphene:
ê =

q − kshift
= x̂ cos  + ŷ sin ,
|q − kshift |

ê⊥ = ẑ × ê = ŷ cos  − x̂ sin ,

(A3)
(A4)

where  ≡ ∠(q − kshift , x̂). Following the derivation steps
presented for the equilibrium-state case in Ref. [32], it can
be readily verified that the formalism for the equilibrium-state

scattering amplitude given by Eq. (20) can be applied to the
phonon modes of current-carrying graphene only if the angle
θq in the definition of φk,q is replaced with , i.e., 2φk,q =
θk+q + θk − 2.
This suggests that the in-plane longitudinal (transverse)
modes of current-carrying graphene should be redefined to the
modes with their displacement vector parallel (perpendicular)
to q − kshift . Another equally valid choice for the phonon
mode eigenvectors in the presence of DC current would be
q + kshift , i.e.,
ê =

q + kshift
,
|q + kshift |

q̂⊥ = ẑ × q̂ .

(A5)

Clearly, only one of the choices given by Eqs. (A3) and
(A5) can be taken as the mode eigenvector. Since the Fourier
expansion in ω space has to lead to a real-valued displacement vector in the time domain, the Fourier expansion in
q-space should be performed over the summation variables
of q− = q − kshift and q+ = q + kshift for ω > 0 and ω < 0,
respectively. Therefore, if the set of eigenvectors given by
Eq. (A3) is selected for the (ν, q) mode of positive ω, then
the one given by Eqs. (A5) should be reserved for the same
mode with negative ω.
The results presented in this work do not depend on the
generalization to the |q| = 0 case given by Eqs. (A3), (A4),
and (A5); nevertheless, these expressions are presented here
as an educated guess. Even though these generalized eigenvectors reduce to the correct result in the special cases of
|q| = 0 and |q|
|kshift |, a more rigorous approach is needed
to determine whether these expressions correctly describe
the (LO, q) and (TO, q) modes of current-carrying graphene
when |q| ∼ |kshift |. One possible approach is to directly derive the dynamical matrix of current-carrying graphene in
the small-current limit, which could naturally lead us to the
correct eigenvectors for the in-plane phonon modes near the
FBZ center.
APPENDIX B: ANALYTIC FORMALISM FOR THE
BROADENING OF THE -LO and -TO MODES IN THE
LOW-CURRENT, LOW-TEMPERATURE, AND
CLEAN-SAMPLE LIMIT

At Te = 0 K, the self-energy of the  - LO and  - TO
modes, which is given by Eq. (6), can be simplified to

 kF (θk ,θd )
gS gV 2 2π
(B1)
ν,0 ∼
κ
dθ
ν,0 (k) dk,
=
k
AFBZ  0
0
where kF (θk , θd ) is described by Eq. (16) and ν,0 (k) is
ν,0 (k) ≡

0.5[1 − αlν cos (2[θk − θd ])]
k
.
h̄ α,α =± [1 − α]vF k − α  [ων,0 + iγν,0 ]

(B2)

As can be seen in the expression in Eq. (B2), the two terms
corresponding to (α, α  ) = (1, ±1) cancel each other, which
means that the contribution of the intraband transitions vanishes at q = 0. Therefore, the expression given by Eq. (B1)
can be further simplified by dropping the α = 1 term, i.e.,


 2 

(0)
cos θ
LO,0 ∼ gS gV kF 2 π
dθ ,
(B3)
κ
S (θ )
=2
TO,0
sin2 θ
AFBZ h̄vF
0
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where θ ≡ θk − θd and S (θ ) is defined as
 k̃F (θ )
k̃ d k̃
S (θ ) =
,
2k̃ − α  ω̃c
α  =± 0

(B4)

with the auxiliary variables k̃, k̃F (θ ), and ω̃c being
k̃ ≡
k̃F (θ ) ≡

k
kF(0)

,

(B5)

kF (θ , θd = 0)

,
kF(0)
h̄γ(0)
h̄ω(0)
 + i  (0)
,
ω̃c ≡  (0)
E 
E 
F
F

(B6)
(B7)

(0)
(0)
where γ(0) = γLO,0
= γTO,0
. Note that the prefactor “2” in
Eq. (B3) resulted from reducing the integration range from
[0, 2π ) to [0, π ) simply because the integral over [0, π ) is
equal to the integral over [π , 2π ). Utilizing this identity simplifies the expression in Eq. (B4),

x dx
= x − A ln [x + A] + C,
(B8)
x+A

with A and C being arbitrary constants. Therefore,
!k̃F (θ )
2k̃ − ω̃c
ω̃c
S (θ ) = k̃ +
ln
.
4
2k̃ + ω̃c
0

(B9)

Even in the clean-sample limit, i.e., γ(0) = 0, the real-valued
argument of ln (x) in Eq. (B9) can be negative, and therefore
S (θ ) can be complex valued. In that case,
!
ω̃
π ω̃
H
− k̃F (θ ) ,
Im[S (θ )] = −
(B10)
4
2
with H(x) denoting the Heaviside step function and ω̃ =
h̄ω(0) /|EF(0) |. The expression given by Eq. (B10) is obtained
using the following identity:
Im[ln (x)] = ±π H(−x),

x ∈ R,

FIG. 14. Current-induced perturbation to the ν = {LO, TO}
modes at q = 0 computed at Te = 0 K, for a drift parameter of
η = 0.1, i.e., kshift = 0.1kF(0) , and for multiple values of residual
B
, ranging from 0.01 to 100 cm−1 . (a) Current-induced
broadening, γν,0
frequency shift and (c) current-induced broadening of the  - LO
mode versus the normalized equilibrium-state Fermi energy; their
 - TO counterparts are shown in (b) and (d). The data points
B
B
= 0 cm−1 are actually calculated for γν,0
=
corresponding to γν,0
−1
0.01 cm . The frequency shift and broadening of each mode are
computed semianalytically, by combining Eqs. (B3) and (B9). The
current-induced perturbations are simply computed by subtracting
the self-energy values in the absence of the DC current from their
counterpart computed in the presence of the DC current. The semianalytic values for the mode broadening approach the analytic values
given by Eqs. (27)–(30) as the residual mode broadening becomes
vanishingly small.

(B11)

where we accepted the “−” sign to get a positive value
for mode broadening. Combining the expressions given by
Eqs. (B3) and (B10) yields the following expression for the
broadening of the  - LO and  - TO modes in the presence of
DC current at Te = 0 K:

gS gV κ2 π ω(0) π
∼
γν,0 =
[1 + lν cos (2θ )]dθ , (B12)
AFBZ h̄2 vF2 4
ϑ

by combining Eqs. (B3) and (B9). The current-induced perturbations can simply be computed by subtracting the values
obtained from the (semi)analytic formalism for η = 0 from
their η = 0 counterpart. This can also be achieved by changing the lower bound in the expressions given by Eq. (B9) from
zero to kF(0) . The computed values for the current-induced frequency shift and broadening obtained from the semianalytic
formalism are presented in Fig. 14.

where the angle ϑ is the lower limit of the range of θ values
wherein the inequality of k̃F (θ ) > 0.5ω̃ holds. The search for
this range can be performed graphically, and ϑ is the angle
at which the shifted Fermi circle and the nonshifted circle of
radius ω̃2 intersect, i.e.,
k̃F (ϑ ) ∼
= 1 + η cos ϑ = ω̃ /2.

(B13)

Obviously, solutions for ϑ exist only if ||ω̃ /2| − 1|  η. The
explicit solutions to Eqs. (B12) and (B13) are presented in
Sec. IV B by Eqs. (27)–(30), in terms of ψ = π − ϑ. Additionally, in the low-current and low-temperature limit the
frequency shift and broadening of the modes can be obtained

APPENDIX C: ANALYTIC FORMALISM FOR THE
BROADENING OF THE K j -TO MODE IN THE
LOW-CURRENT, LOW-TEMPERATURE, AND
CLEAN-SAMPLE LIMIT

Considering the differences between the K j - TO and
 - TO modes in terms of the self-energy calculation, which
are listed in Sec. V A, the (semi)analytic formalism for the
K j - TO modes can be obtained by making a few minor
changes to the formalism presented in Appendix B. Starting
with Eq. (B1), at Te = 0 K, the self-energy of the K j - TO
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where TO,K (k) is defined as
TO,K (k) ≡

k
1
.

h̄ α =± 2vF k − α [ωTO,K + iγTO,K ]

The semianalytic formalism is therefore given by

2gS kF(0) 2 π
TO,K ∼
κK
SK (θ )dθ ,
=
AFBZ h̄vF
0

(C2)

(C3)

where SK (θ ) is defined as
2k̃ − ω̃Kc
ω̃c
SK (θ ) = k̃ + K ln
4
2k̃ + ω̃Kc

!k̃F (θ )
,

(C4)

0

with ω̃Kc being defined as

FIG. 15. Current-induced perturbation to the TO mode at q = K j
computed at Te = 0K, for a drift parameter of η = 0.1, i.e., kshift =
B
, ranging
0.1kF(0) , and for multiple values of residual broadening, γTO,K
−1
from 0.01 to 100 cm . Panels (a) and (b) show respectively the
current-induced frequency shift and the current-induced broadening
of the K j - TO mode versus the normalized equilibrium-state Fermi
B
= 0 cm−1 are actually
energy. The data points corresponding to γTO,K
B
−1
calculated for γTO,K = 0.01cm . The frequency shift and broadening are computed semianalytically, by combining Eqs. (C3)–(C4).
The current-induced perturbations are computed by subtracting the
self-energy values in the absence of the DC current from their counterpart computed in the presence of the DC current. The semianalytic
values for the mode broadening approach the analytic values given
by Eqs. (38)–(39) upon decreasing the residual mode broadening.

h̄γK(0)
h̄ωK(0)
(0)
 + i  (0)
 , γK(0) = γTO,K
. (C5)
ω̃Kc = ω̃K + iγ̃K =  (0)
E 
E 
F
F
In the clean-sample limit, i.e., γK(0) = 0, we have

ω̃K
π ω̃K
H
− k̃F (θ ) .
(C6)
Im[SK (θ )] = −
4
2
Combining the expressions given by Eqs. (C3) and (C6) yields
the following expression for the broadening of the K j - TO
mode in the presence of DC current at Te = 0 K,

2gS κK2 π ωK(0) π
γTO,K ∼
dθ ,
(C7)
=
AFBZ h̄2 vF2 4
ϑ
with ϑ being the angle at which the shifted Fermi circle and
the nonshifted circle of radius ω̃2K intersect, i.e.,
k̃F (ϑ ) ∼
= 1 + η cos ϑ = ω̃K /2.

(C8)

(C1)

Solutions for ϑ exist only if ||ω̃K /2| − 1|  η. The explicit
solutions to Eqs. (C7) and (C8) are presented in Sec. V B
by Eqs. (38) and (39) in terms of ψ = π − ϑ. The computed
values for the current-induced frequency shift and broadening
obtained from the semianalytic formalism are presented in
Fig. 15.
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