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Understanding the electromagnetic response of carbon nanotubes �CNTs� in the radio frequency
range is very important for experimental development of therapeutic and diagnostic CNT
applications, including selective thermolysis of cancer cells and thermoacoustic imaging. In this
study, we present the theory of electromagnetic wave scattering by several finite length CNT
configurations, including singlewall CNT’s having a surfactant coating, CNT bundles, and multiwall
CNTs. Absorption cross-sections of these structures in a conductive host region are theoretically
studied in the radio frequency range. Strong local field enhancement due to edge effects is predicted
to be inherent to metallic singlewall CNTs in the near-field zone, providing an additional mechanism
of energy dissipation in a conductive host. Due to the screening effect the application of singlewall
CNTs for the enhancement of energy dissipation is more effective than the application of multiwall
CNTs or CNT bundles at the same mass fraction of CNT inclusions. The presence of a lossy
dielectric �surfactant� coating can significantly increase the absorption cross section of singlewall
CNTs. © 2010 American Institute of Physics. �doi:10.1063/1.3516480�

I. INTRODUCTION

Single-walled carbon nanotubes �SWCNT� are hexago-
nal networks of carbon atoms rolled up into a cylinder. Ow-
ing to their fascinating physical properties,1 carbon nano-
tubes �CNTs� have aroused enormous interest in the scientific
community due to wide applications ranging from chemical
and biological sensors and actuators to field emitters to me-
chanical fillers for composite materials. In particular, carbon
nanotubes are proposed as building blocks for the realization
of different integrated circuits elements and electromagnetic
devices, such as transmission lines,2–5 interconnects,6

nanoantennas,7–10 and active elements—terahertz and infra-
red light emitters.11–13

Nowadays, due to the enhanced electromagnetic re-
sponse of carbon nanotubes, they are considered as perspec-
tive nanoparticles for therapeutic applications including se-
lective photothermolysis of cancer cells,14–23 and
photoacoustic and thermoacoustic imaging.24,25 Note that
plasmonic photothermal therapy using gold nanoparticles has
emerged to be highly promising for cancer therapy and is fast
developing.26

Applications of phototermolisis and photoacoustic imag-
ing for medical purpose is limited by small �few centimeters�
depth penetration of visible and infrared radiation in tissue.
Thermoacoustic imaging refers to irradiating the sample with
electromagnetic energy in the microwave and rf range and, in
particular, provides deep tissue penetration and large sam-
pling volumes. As theoretically shown in Ref. 27, SWCNTs
can be considered as perspective thermal contrast agents at rf

frequencies. The experimental studies of SWCNTs as ther-
mal contrast agents at microwave frequencies are presented
in Ref. 28. The first experiment on carbon nanotube-
enhanced thermal destruction of cancer cells in a radiofre-
quency field29 opens new possibilities for cancer treatment of
deep tissues. Theoretical studies of CNT-enhanced micro-
wave detection of breast cancer30 and CNT-enhanced micro-
wave discrimination of lesions31 are also reported.

The conductivity of the components of a living cell vary
in a wide range. As an example,32 for liver cells the conduc-
tivity of cytoplasm is �0.5 S m−1 and the conductivity of
nuclear and mitochondrial material is �5 S m−1. Due to
high media conductivity local energy dissipation enhance-
ment can be realized by means of the CNTs local field en-
hancement. As shown in Ref. 33, due to edge effects, in the
THz-range SWCNTs can enhance field intensity in a rela-
tively large volume surrounding the nanotube �as much as
100 times larger than the volume occupied by the nanotube
itself�. This property, caused by the high aspect ratio and
high conductivity of SWCNTs, also occurs at rf frequencies,
and is not inherent to other known nanoparticles.

The aim of the present paper is to analyze the mecha-
nism of electromagnetic energy dissipation provided by car-
bon nanotubes in a conductive host at radio frequencies. We
present for the first time calculations of RF electromagnetic
absorption cross sections of finite length electrically small �i�
SWCNTs, �ii� bundles of SWCNTs, �iii� multiwall carbon
nanotubes �MWCNT�, and �iv� SWCNTs covered with a thin
lossy dielectric. We shall show a strong dependence of ab-
sorption cross-section on the conductivity of the host media
and demonstrate absorption enhancement provided by a
lossy coating on SWCNTs.
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II. THEORY OF ELECTROMAGNETIC WAVE
SCATTERING BY CNT IN RF RANGE

A. Scattering problem for coated SWCNT

Let a SWCNT with length L and radius R be coated by a
dielectric layer having permittivity �s, internal radius R, and
external radius b�R. In typical aqueous applications the di-
electric coating will be a surfactant layer that inhibits nano-
tube agglomeration. The coated SWCNT is located in a host
medium with permittivity �w. The origin of the chosen cy-
lindrical coordinate system lies in the center of the SWCNT
with axis z directed along the nanotube axis. The SWCNT
will be considered as an infinitely thin hollow cylinder �with
coordinate −L /2�z�L /2, �=R� located in a medium with
permittivity

���,z� = �
�0, if � � R , �z� � L/2
�s if b � � � R , �z� � L/2
�w if � � b , z � �− �,+ ��
�w if � � b , �z� � L/2

	 , �1�

where �0=8.85�10−12 F /m. The incident field is polarized
along the z axis Einc�r , t�=E0 exp�i�t�, where E0=E0�r�ez

and � is angular frequency. Ampère’s law for electric and
magnetic field vectors E and H in the whole space can be
written as follows:

rotH = i��E + j�c� = i��wE + j + j�c�, �2�

where j�c� is a current density induced on the SWCNT sur-
face

j�c� = 	c
�� − R�Ezez, �3�

and 	c is the axial surface conductivity of the SWCNT;

��−R� is the Dirac delta function. In Eq. �2� we introduced
an effective volume current density

j = i��� − �w�E = 	E , �4�

with an effective conductivity of the dielectric cylinder

	 = i��� − �w� . �5�

One can see that 	=0 and consequently j=0 outside the
cylindrical volume V, which occupies a space region �
�b , �z��L /2. The electromagnetic field satisfies the equa-
tion

�E + k2E =
i�

�c2 �j + j�c�� , �6�

where k=�
�w�0 is the wave number in the host region,
�0=4�10−7 H /m, and c is the speed of light in vacuum.
Assuming the SWCNT radius R and the external radius of
the dielectric coating b to be small as compared to the wave-
length in the host medium we neglect the azimuthal current
on the SWCNT and in the coating. We also neglect azimuthal
variations of current density j�c� on the SWCNT and j in the
coating; that is, we set j�c��z ,��= j�c��z�
��−R�ez and j
= jz�z ,��ez+ j��z ,��e�. As a result, the scattered fields are azi-
muthally symmetric. We shall consider a coating with con-
ductivity much smaller than the conductivity of the SWCNT,
that is

���
0

b

�� − �w��d�� � R�	c� . �7�

As the axial component of the scattered field is continuous
and consequently approximately the same throughout the
small volume V, then, according to Eqs. �3� and �4� and
condition �7� the inequality 0

bjz�d�� j�c�R holds. Then, in
Eq. �6� together with j�c� we take into account only the radial
component of the current in the coating, that is, we set j
= j��z ,��e�.

The solution of Eq. �6� has the form

E = E0 + E�c� + E�d�, �8�

where

E�c� =
R

i��w
�grad div + k2��

−L/2

L/2

j�c��z��ez

��
0

2

g�z − z�,R,�,��d�dz�, �9�

is the scattered field induced by the surface current on the
SWCNT, and

E�d� �
1

i��w
�grad div + k2��

V

e��j���r��g��r − r���d3r�,

�10�

is the scattered field induced by the radial current in the
dielectric coating, and

g��r − r��� = g�z − z�,�,��,��

= exp�− ik�r − r���/�4�r − r��� , �11�

�r − r�� = 
�z − z��2 + �2 + ��2 − 2��� cos��� . �12�

The electric field vectors E�d� and E�c� in Eqs. �9� and
�10� are taken in the form to satisfy the radiation condition.34

As shown in the Appendix, the component Ez
�d� is much

smaller than Ez
�c� and can be further omitted. The other com-

ponents Ez
�c�, E�

�c�, and E�
�d� inside the dielectric coating are

calculated in the Appendix and presented by Eqs. �A1�, �A6�,
and �A11�, respectively.

Substituting Eq. �8� into Eqs. �3� and �4� and taking into
account Eqs. �A1�, �A6�, and �A11� we arrive at the system
of equations

j�c��z� = E0	c +
R	c

i��w
�

−L/2

L/2

j�c��z��

��
0

2 � �2

�z2 + k2�g�z − z�,R,R,��d�dz�, �13�

j���,z� � −
R	

i��s�

� j�c�

�z
. �14�

Equation �13� is an integral equation for surface current
density j�c� on the SWCNT surface. The electric field E0 in
Eq. �13� can be considered to be z-independent if the condi-
tion �L�
�w� / �2c��1 holds. This condition is satisfied at
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all values �, �w, and L applied below in our considerations.
To solve the Eq. �13� the integral on the right side of Eq. �13�
is numerically handled by a quadrature formula, thereby
transforming Eq. �13� into a matrix equation. Solution of
matrix equation gives axial current density along SWCNT.
After the solution of Eq. �13� and substitution j�c� into Eq.
�14� the component j� in the dielectric layer can be easily
found. Then the scattered field and total field can be calcu-
lated from expressions �9�, �10�, and �8�, respectively.

B. Integral equations for scattering problem of
SWCNT-bundle

The integral Eq. �13� does not depend on the coating
dielectric parameters and holds true for an uncoated
SWCNT. This equation can be generalized in the case of the
scattering problem for a bundle containing N parallel
SWCNTs of length L. At frequencies far away from inter-
band resonances azimuthally nonsymmetric electric current
densities are not excited in SWCNTs because the relevant
conductivities vanish. Then, restricting ourselves to azimuth-
ally symmetric electric current densities in the SWCNTs
forming the bundle and applying the many-body technique
we arrive at a system of integral equations35

jm
�c��z� = E�0��z�	m

�c� +
	m

�c�

i��w
�
l=1

N

Rl�
−L/2

L/2

jl
�c��z��

� �
0

2 � �2

�z2 + k2�g�z − z�,Rm,dml,��d�dz�.

�15�

This is a system of N integral equations for surface current
density jm

�c� �m , l� �1,N�� on the surface of the m-th SWCNT
with radius Rm and conductivity 	m

�c�; dml �l�m� is the dis-
tance between the axes of the l-th and m-th SWCNTs; dmm

=Rm. As SWCNT-bundle cross section is much smaller than
the wavelength of the incident electromagnetic wave, then
the external field E�0� in Eq. �15� is considered to be identical
for all tubes forming the bundle.

C. Integral equations for scattering problem of
MWCNT

Let us consider a MWCNT consisting of N shells; the
m-th shell �m� �1,N�� of the MWCNT has radius Rm and
conductivity 	m

�c�. We shall suppose that adjacent shells are
incommensurate36 and neglect electron tunneling between
shells. The conductivity of the m-th shell is considered to be
the same as the conductivity of a SWCNT with the same
geometrical parameters. The scattering problem for
MWCNTs from terahertz to visible frequencies is presented
in detail in Ref. 36. However, the technique presented in36 is
based on Hallén-type integral equations. In solving numeri-
cally the Hallén-type integral equations by the collocation

method we arrive at an Ñ� Ñ matrix, where two columns

contain elements exp�ikzj�, zj =−L /2+L�j−1� / �Ñ−1�, j

=1,2 . . . Ñ. This matrix is close to degenerate when �k�L�1,
which leads to instability of the numerical matrix inversion
in the quasistatic regime. At realistic parameters for the

MWCNT the quasistatic regime occurs in the rf-range.
Therefore, to solve the scattering problem for MWCNTs in
the rf-range we do not apply Hallén-type equations, but di-
rectly solve the system of integral equations in the form

jm
�c��z� = E�0��z�	m

�c� +
	m

�c�

i��w
�
l=1

N

Rl�
−L/2

L/2

jl
�c��z��

� �
0

2 � �2

�z2 + k2�g�z − z�,Rm,Rl,��d�dz�, �16�

This is a system of integral equations for the current jm
�c�

�m� �1,N�� on the surface of the m-th shell of the MWCNT.
Numerical solution of this system is stable and shall be ap-
plied below for numerical calculation of the energy dissipa-
tion in MWCNT.

D. SWCNT absorption parameters

For a single coated SWCNT, the power dissipated in the
SWCNT coating Ps and in the SWCNT itself Pc can be cal-
culated as

Ps = � Im��s��
R

b �
−L/2

L/2

��Ez�2 + �E��2��dzd� , �17�

Pc = R Re� 1

	c
��

−L/2

L/2

�j�c��2dz . �18�

The intensity of the scattered field near a SWCNT can be
much higher than the intensity of the incident field. If the
host is a lossy medium, than large intensity of the scattered
field leads to large absorption in the host. In order to calcu-
late dissipation of the scattered field in the host we introduce
a cylindrical cell with radius Rcell�R and length equal to the
nanotube length L; the cell volume is Vcell=Rcell

2 L. The
SWCNT is located inside this cell on the cell axis. Then, the
power dissipated in the host medium of the cell is

Pw = � Im��w��
b

Rcell �
−L/2

L/2

��Ez�2 + �E��2��dzd� , �19�

and the power dissipated in the cell without a SWCNT, ex-
posed only to the external field, is

P0w = � Im��w��
0

Rcell �
−L/2

L/2

�E0�2�dzd� �20�

Let us introduce an absorption cross section �0 and a
normalized absorption cross section � of a SWCNT in a
lossy surrounding,

�0 =
Pw − P0w + Pc + Ps

I0
, �21�

� = �0/S , �22�

where I0=0.5�
�w /�0��E0�2cos��� is the intensity of the inci-
dent field, �=arg�
�w�, and S=2RL is the area of the
SWCNT surface. For sufficiently large Rcell the value of � is
approximately independent of cell volume.
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For a suspension of carbon nanotubes we introduce a
new parameter �—the relative absorption rate—
characterizing the relation between energy dissipation in a
SWCNT-suspension and energy dissipation in a pure suspen-
sion without SWCNTs,

� =
Pw + Pc + Ps

P0w
. �23�

For calculation of the values Pw, P0w included in Eq. �23�,
the cell volume Vcell should be taken from the concentration
n of SWCNTs in suspension: Vcell=1 /n. The value � makes
sense for diluted SWCNT suspensions, where electromag-
netic interactions between SWCNTs can be neglected and,
consequently, the energy dissipation in the suspension is pro-
portional to the SWCNT concentration. The small electro-
magnetic interactions between metallic SWCNTs is provided
at small CNT volume fraction f �0.001 of non-agglomerated
metallic SWCNTs suspension. Note that f denotes the vol-
ume fraction occupied by the SWCNTs �conceived as cylin-
ders of volume R2L�. Small electromagnetic interactions
between semiconducting SWCNTs permits the application of
parameters � at higher values of volume fraction f �0.1. In
such an approximation, assuming the heat convection and
heat radiation from the suspension to be small, the value �
can be expressed through the relative heating rate of the sus-
pension

� =
�T2/�t

�T1/�t
, �24�

where �T2 /�t� Pw+ Pc+ Ps is the heating rate of the
SWCNTs suspension and �T1 /�t� P0w is the heating rate of
the pure liquid without SWCNTs.

Let us note that � can be obtained from measurement of
the SWCNT suspension heating rate.

Formulas �21�–�23� can also be applied for uncoated
CNTs �SWCNTs, MWCNTs, SWCNT bundles�. In these
cases Ps=0, Pc is the power dissipated by the CNT, and S is
a sum of surface areas of all graphene shells of the CNT.

III. NUMERICAL RESULTS

In all calculations the conductivity of metallic SWCNTs
was taken using the Drude-law2 with relaxation time 2
�10−14 s �relaxation due to optical phonons38�. The influ-
ence of other mechanisms �impurities, defects, doping, and
the influence of surrounding media� on electron inelastic
scattering are less than the influence of optical phonons, and
consequently cannot change strongly the chosen small relax-
ation time. As demonstrated in Ref. 37 the electron relax-
ation time at terahertz frequencies equals 3.3�10−14 s at
room temperature, which is close to the chosen value. As
discussed below, the absorption parameters of metallic
SWCNTs in a conductive host does not change substantially
with increasing � from 2�10−14 s to larger magnitudes.

Existing experiments at high �terahertz� frequencies38

and dc39 show that the conductivity of semiconducting
SWCNTs is only several orders of magnitude lower than the
conductivity of metallic SWCNTs, rather than the many or-
ders of magnitude expected from Drude theory. This can be

explained by impurities and atmospheric oxygen doping in
SWCNTs. Therefore, for calculations we shall suppose the
conductivity of semiconducting SWCNTs to be 1000 times
lower than the conductivity of metallic SWCNTs with the
same radius. For example, the axial surface conductivity of
metallic �15,0� and semiconducting �16,0� zigzag SWCNTs
were taken respectively as �i� 1.46�10−3+ i1.84�10−9 S
and 1.37�10−6+ i1.72�10−12 S, at frequency 10 MHz and
�ii� 1.46�10−3+ i1.84�10−8 S and 1.37�10−6+ i1.72
�10−11 S at frequency 100 MHz

We shall demonstrate our numerical results in the radio
frequency range from 10 up to 200 MHz. In all calculations
the dispersion law for the host permittivity is

�w = 80�0 −
i	w

�
, �25�

where 	w is the host medium conductivity; the numerical
coefficient 80 is a relative dielectric constant, which is taken
to be the same as for water. The relative dielectric constant of
water varies slightly �by several percent� in the considered
frequency range, although we will neglect this variation in
our calculations. The last formula is applied for cytoplasm
and nuclear media of living cells.32 We shall suppose 	w

=const inside the chosen frequency range.
The conductivity of the components of a living cell vary

in a wide range. Therefore, we shall analyze the energy dis-
sipation caused by CNTs for different host conductivity 	w.
For numerical calculations of relative absorption rate � of the
SWCNTs suspension we shall take the SWCNT concentra-
tion n and radius of the cylindrical cell Rcell corresponding to
a SWCNT mass fraction of 50 mg/L, which is considered to
be nontoxic for living cells.40 Let us repeatedly note that in
the case of dilute SWCNT suspensions the relation ��n is
true.

A. Near field enhancement in SWCNT

Figure 1 shows the space distribution of intensity en-
hancement factor �= �E�2 / �E0�2 near the right half of a metal-
lic �Fig. 1�a�� and semiconducting �Fig. 1�b�� SWCNT. Near
the left half of the tube the distribution of � is the same.

Due to edge effects a large surface density of electric
charge concentrates near the SWCNT edges. This charge in-
duces an electric field with large radial component, resulting
in strong field intensity enhancement outside the SWCNT.
The effect of charge separation in SWCNTs has an electro-
static character, i.e., the metallic SWCNT polarization and
near-field enhancement does not depend on the SWCNT con-
ductivity, and, consequently, does not depend on electron
relaxation time ��2�10−14 s.

Thus, SWCNTs concentrate electromagnetic energy near
the SWCNT surface, and therefore enhance power absorp-
tion in the conductive host. Let us note that semiconducting
tubes can concentrate electromagnetic energy only at low
host conductivity 	w�0.5 S m−1 and at low frequency �be-
low 100 MHz�. Either at higher host conductivity 	w or at
higher frequency the depolarization effect in semiconducting
SWCNTs diminishes, and scattered field intensity near the
SWCNT surface becomes comparable with the intensity of
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the incident field. Further, the axial component of the scat-
tered electric field near the SWCNT surface is approximately
equal to and oppositely directed to the axial component of
the incident field. As a result, the axial component of the
resulting field near the SWCNT surface is much smaller than
the axial component of the incident field.

B. Absorption by SWCNTs in a conductive host

Figure 2 shows the normalized absorption cross section
� for semiconducting and metallic SWCNTs versus the host
conductivity 	w at different frequencies. At small host con-
ductivity 	w�0.1 S m−1 the absorption cross section � for
semiconducting SWCNTs exceeds the value � for metallic

SWCNTs, while at larger conductivity the value � for me-
tallic tubes exceeds � for semiconducting tubes. This differ-
ent behavior is explained by the different dominant mecha-
nisms of energy dissipation: for metallic tubes the energy is
dissipated mostly by the host i.e., Pw− P0w� Pc, whereas for
semiconducting tubes the energy is dissipated mostly by the
tube i.e., Pc� Pw− P0w.

The power Pc dissipated in a SWCNT increases with
increasing frequency, while the value Pw− P0w varies only
slightly in the considered frequency range �from 10 up to
200 MHz�. Therefore, the absorption cross section � of both
semiconducting and metallic SWCNTs increases with in-
creasing frequency �see Fig. 2�.

Figure 3 shows the relative absorption rate � for semi-
conducting SWCNT and metallic SWCNT suspensions ver-
sus the conductivity 	w of surrounding media at different
frequencies. The SWCNT suspensions have volume fraction
f =1.9�10−5, corresponding to 50 mg/L mass fraction of
�15,0� SWCNTs.

As demonstrated in Fig. 3, the rate of energy dissipation
in the suspension with semiconducting SWCNTs at 200 MHz
and 	w=0.01 S m−1 is about eight times larger than for liq-
uid without SWCNTs and about three times larger than for
suspensions with metallic SWCNTs. Thus at small values of
surrounding conductivity 	w the energy dissipation is stron-
ger for suspensions with semiconducting SWCNTs than for
suspensions with metallic SWCNTs. The same tendency was
illustrated in Ref. 27 for the case of a non-absorbing host.

An increase in the host conductivity 	w leads to an in-
crease in the dissipated power in a host without CNTs P0w,
while the power Pc dissipated in semiconducting SWCNTs
varies only slightly with host conductivity variation. As a
result, the relative absorption rate � for semiconducting
SWCNTs decreases with host increasing conductivity 	w,
while the value � for suspensions with metallic SWCNTs
remains constant with 	w increasing �see Fig. 3�. Thus at
high values of the host conductivity the application of me-
tallic SWCNTs for absorption enhancement is more prefer-
able than application of semiconducting SWCNTs. Calcula-
tions show that the values of � and � presented in Figs. 2

FIG. 1. �Color online� The constant-value lines of the intensity enhancement
factor ��r� in the vicinity of the right half of uncoated �a� metallic �15,0� and
�b� semiconducting �16,0� zigzag SWCNTs with length L=0.8 �m. The
right half of the SWCNT is shown by the thick line. The relative dielectric
constant of the host is �w /�0=80−18i �	w=0.01 S /m�. The frequency is
� /2=10 MHz.

FIG. 2. �Color online� Normalized absorption cross section � for uncoated
semiconducting �16,0� and metallic �15,0� SWCNT vs the conductivity 	w

of surrounding media at different frequencies.

FIG. 3. �Color online� Relative absorption rate � for uncoated semiconduct-
ing �16,0� and metallic �15,0� SWCNT vs the conductivity 	w of surround-
ing media at different frequencies. L=0.8 �m. Mass fraction of SWCNT is
50 mg/L.
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and 3 for metallic CNTs do not change with increasing the
electron relaxation time from the chosen value of 2
�10−14 s.

C. Absorption of MWCNTs in a conductive host

Calculations carried out for MWCNTs of length up to
10 �m show that due to edge effects the outmost metallic
shell strongly diminishes the incident field inside the struc-
ture �i.e., the outmost metallic shell in MWCNTs screens the
internal shells�. Calculations shows that the main contribu-
tion to energy dissipation in MWCNTs is from the outmost
metallic shell. Therefore, dissipated power Pw+ Ps− P0w as-
sociated with MWCNTs approximately equals that of the
outmost metallic shell. As a result, the normalized absorption
cross section � of MWCNTs is less than � for metallic
SWCNTs.

We also found that the outmost metallic shell in
MWCNTs screens the semiconducting layers with larger di-
ameters. To illustrate this effect we present in Fig. 4 the
dependences ��	w� and ��	w� for a double wall CNT
�DWCNT� �15,0�–�25,0� with internal metallic shell �15,0�
and external semiconducting shell �25,0�.

Figure 4 also shows the dependencies ��	w� and ��	w�
for semiconducting �25,0� and metallic �15,0� SWCNTs. As
shown in Fig. 4, the dependencies ��	w� and ��	w� for
DWCNT and metallic SWCNT have identical behavior.
However the metallic SWCNT has values of ��	w� and
��	w� which are about two times larger than for the
DWCNTs. The reason is that the axial component of the
resulting field near the metallic shell is strongly diminished
by the depolarizing field, in comparison with the axial com-
ponent of the incident field. As a result, the power dissipated
in the semiconducting shell �25,0� of the DWCNT is much
less than the power dissipated in a single semiconducting
SWCNT �25,0�. Thus, due to the very high aspect ratio of
SWCNTs the screening effect results not only in axial field
diminishment inside metallic shells but also in the diminish-
ing of the axial field component outside the metallic shell.

Figure 5 shows the dependencies of absorption cross
section �0 on the number of shells N for two extreme cases:
�i� for MWCNTs containing only metallic shells �m-
MWCNT� and �ii� for MWCNTs containing only semicon-
ducting shells �s-MWCNT�. As shown in Fig. 5, due to
screening effects in m-MWCNTs the value �0 slightly in-
creases with N increasing. The screening effect in
s-MWCNT at low host conductivity �	w=0.01 S /m� and
low frequency �10 MHz� even results in �0 decreasing with
N increasing. Since at high frequency or high host conduc-
tivity the screening effect is small in s-MWCNTs, the value
�0 for these tubes increases about three times with increas-
ing N from 1 to 7.

Let us also note that the maximal value of �0 corre-
sponds �i� to s-MWCNTs at low host conductivity �	w

=0.01 S /m� and high frequency �100 MHz�, when screening
effects are small and energy effectively dissipates in all
shells of s-MWCNTs �see Fig. 5�a�� and �ii� to m-MWCNTs
at high host conductivity �	w=0.5 S /m� �see Fig. 5�b��,
when dissipation in host media is large due to strong field
enhancement by m-MWCNTs.

Calculations show that due to screening effects the ab-
sorption cross-section �0 of MWCNTs containing both me-
tallic and semiconducting shells is approximately the same
as �0 for m-MWCNTs. Thus, the screening effect strongly
diminishes the energy dissipation in MWCNT shells. As a
result, the application of SWCNTs for absorption enhance-
ment is more preferable than application of MWCNTs with
the same mass fraction of CNT inclusions.

D. Absorption of SWCNTs bundle in the conductive
host

Figure 6 illustrates the normalized absorption cross sec-
tion � of a SWCNT bundle in the host with conductivity
	w=0.5 S m−1 �a�, and 	w=0.01 S m−1 �b� versus the num-
ber of tubes in the bundle. Due to the field screening effect

FIG. 4. �Color online� �a� Normalized absorption cross section � and �b�
relative absorption rate � for uncoated semiconducting �25,0� and metallic
�15,0� SWCNTs and DWCNT �15,0�–�25,0� vs the conductivity 	w of sur-
rounding media. The frequency is 10 MHz, L=0.8 �m, and the CNTs mass
fraction is 50 mg/L.

FIG. 5. �Color online� Dependencies of absorption cross section �0 on the
number of shells N for uncoated MWCNTs containing only metallic shells
�m-MWCNT� and only semiconducting shells �s-MWCNT� at different fre-
quencies �10 and 100 MHz� and different host conductivities ��a� 	w

=0.01 S /m and �b� 	w=0.5 S /m�. L=0.8 �m. The lth shell of
m-MWCNT and s-MWCNT has a �15+9l ,0� and �16+9l ,0� zigzag con-
figuration, respectively, l� �1,N�.
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�discussed in the previous section� the dissipated power in
the semiconducting tubes included into the bundle is strongly
diminished compared with the dissipated power in single
semiconducting tubes. Therefore, as Fig. 6 demonstrates, the
value � decreases with the increasing of the number of tubes
in the bundle. Note that this is partly due to the total surface
area S increasing with bundle size.

Let us consider the absorption cross section �0 of
SWCNT bundles in liquids with different conductivities. Fig-
ure 7 shows the dependence of �0 on the number N of
SWCNTs in bundles �i� containing only metallic tubes �m-
bundle� �ii� containing only semiconducting tubes �s-bundle�
and �iii� containing a mixture of metallic and semiconducting
SWCNTs �ms-bundle�. At small host conductivity 	w

=0.01 S m−1 the value �0 of the ms-bundle �i� increases
with the addition of the semiconducting tubes and �ii� de-
creases with the addition of the metallic tubes �see Figs. 7�a�
and 7�b��. At larger host conductivity 	w=0.5 S m−1 the
main contribution to energy dissipation is given by the me-
tallic tubes of the bundle, whereas the contribution of semi-
conducting SWCNTs is negligibly small �see Figs. 7�c� and
7�d��.

Let also note that the screening effect is pronounced for
s-bundles at smaller frequencies and small host conductivi-
ties. Due to a significant screening effect at 10 MHz the
value of �0 for s-bundles decreases with N increasing �Fig.
7�a��. At the higher frequency of 100 MHz the screening
effect for s-bundles with N not large is smaller, resulting in
the value of �0 increasing with N increasing �see Fig. 7�b��.

A comparison of absorption cross section of a single
metallic SWCNT and of a ms-bundle containing 12
SWCNTs �see Fig. 7� shows that energy dissipation in the
bundle is comparable with energy dissipation in a metallic
SWCNT. Figure 7 demonstrates that at small host conductiv-
ity the s-bundles are preferable to realize maximal absorption

enhancement, whereas at high host conductivity the
m-bundles are the best candidates for realization of maximal
absorption enhancement.

Thus for increasing energy dissipation in the radio fre-
quency range the application of SWCNTs is more preferable
than the application of MWCNTs or bundles of SWCNTs
with the same mass fraction of CNT inclusions. However, for
a fixed number density of inclusions, from Figs. 5 and 7 it
can be seen that in some cases MWCNTs or CNT bundles
may be preferable to SWCNTs for increasing absorption.

E. Absorption of coated CNT in conductive
host

Due to strong field enhancement near the surface of car-
bon nanotubes the presence of a lossy coating on a SWCNT
can increase the value of absorption cross section � and
heating rate. Since CNTs in aqueous environments are com-
monly coated with surfactants to prevent clumping, the pres-
ence of a surfactant coating is an important aspect to con-
sider. The enhancement in power absorbed can be achieved
by two ways; �i� If Im��s�� Im��w� the absorption enhance-
ment occurs due to the greater absorption in the coating than
would have occurred in the host. �ii� If ��w�� ��s�, then ac-
cording to Eqs. �A6� and �A12� the radial field component in
the coating exceeds by approximately ��w /�s� times that of
the radial field component in the host. As a result, power

FIG. 6. �Color online� Normalized absorption cross section � of an un-
coated bundle of SWCNTs in liquid with conductivity 	w=0.5 S m−1 �a�,
and 	w=0.01 S m−1 �b� vs the number of tubes in the bundle, N. The
bundles consist of semiconducting �16,0� and metallic �12,0� SWCNTs. The
letters “S” and “M” mean � for the single semiconducting and metallic
SWCNTs, respectively. The abbreviation, for example, 2M-4S means that
the bundle consist of two metallic and four semiconducting SWCNTs. L
=0.8 �m.

FIG. 7. �Color online� Absorption cross section �0 for uncoated SWCNT
bundles vs the number N of tubes in bundle at 	w=0.01 S /m, � /2
=10 MHz �a�; 	w=0.01 S /m, � /2=100 MHz �b�; 	w=0.5 S /m, � /2
=10 MHz �c�; and 	w=0.5 S /m, � /2=100 MHz �d�. The graphics de-
picted by black circles corresponds to bundle described in Fig. 6, that is the
bundle of mixed semiconducting and metallic SWCNTs. Triangles and
boxes corresponds to the bundles containing of only metallic �16,0�
SWCNTs �m-bundle� and only semiconducting �12,0� SWCNTs �s-bundle�,
respectively. L=0.8 �m.
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dissipation in the coating is higher than in the host with an
identical volume, even at the condition Im��w�� Im��s�.

As very little seems to be known about dielectric prop-
erties of CNT surfactants in the megahertz frequency range,
for illustration purposes in our numerical calculations we
assigned �s to have a reasonable value that is likely to be in
the range of realistic surfactant materials.

Figure 8 shows the normalized absorption cross section
� of coated and uncoated �15,0� metallic SWCNTs versus
the conductivity of the surrounding medium at different fre-
quencies. One can see from Fig. 8 that at 10 MHz the coating
leads to � increasing 10–100 times, depending on the con-
ductivity of the surrounding host medium. For small host
conductivity at 100 MHz, due to the coating the value of �
increases by 1.5–10 times as compared with the value of �
for an uncoated SWCNT. Enhancement of � strongly de-
pends on the ratio ��w /�s�. In order to obtain the largest value
of � we should take the lossy coating with the largest pos-
sible ratio ��w /�s�.

Figure 9 shows the normalized absorption cross section
� of coated and uncoated semiconducting SWCNTs versus
the conductivity of the surrounding medium at different fre-
quencies. As shown in Fig. 9, the coating practically does not
change the value of � of semiconducting SWCNTs at 100
MHz, and increases � about two times at 10 MHz. Thus the
coating strongly increases � for metallic SWCNTs and
slightly increases � for semiconducting SWCNTs. This was
also noted in27 for coated nanospheres.

It should be noted that according to Figs. 8 and 9 the
coating practically does not change the values of � and � for
SWCNTs at high host conductivity �	w�0.1 S m−1� and
frequency 100 MHz. That means the presence of a coating
will be ineffective at high megahertz frequencies and high
host conductivities.

Figure 10 shows the dependence of the normalized ab-
sorption cross section � of coated metallic SWCNTs on the
host conductivity at different relative dielectric constants of

the coating. The value of � increases with increasing the
magnitude Im��s� and decreasing the value Re��s�.

IV. CONCLUSIONS

In conclusion, the model of finite-length SWCNTs
coated with a dielectric is developed. In practice, for aqueous
environments the dielectric models a layer of surfactant. The
absorption cross section of SWCNTs, MWCNTs, and
bundles of SWCNTs in a conductive host are calculated in
the radio frequency range. The mechanism of energy dissi-
pation enhancement in the conductive host due to strong lo-
cal field enhancement near the SWCNT is established. It has
been shown that for energy dissipation enhancement
SWCNTs are preferable to MWCNTs and SWCNT-bundles
at the same mass fraction of CNT inclusions. It has been
demonstrated that the presence of a lossy coating can in-
crease the absorption cross-section of carbon nanotubes in

FIG. 8. �Color online� Normalized absorption cross section � of coated and
uncoated �15,0� metallic SWCNTs vs the host conductivity at different fre-
quencies. �b� Relative absorption rate � for suspension of coated and un-
coated �15,0� metallic SWCNTs. The relative dielectric constant of coating
is �s /�0=4−0.9i and �s /�0=4−0.09i at 10 MHz and 100 MHz, respectively.
The external radius of the coating is 3.4 nm. SWCNT mass fraction is 50
mg/L.

FIG. 9. �Color online� The same as in Fig. 8 but for semiconducting �16,0�
SWCNTs.

FIG. 10. �Color online� Normalized absorption cross section � of coated
�15,0� metallic SWCNTs vs the host conductivity 	w at different real �a� and
imaginary �b� parts of coating relative dielectric constant �s�0/. The fre-
quency is 10 MHz, L=0.8 �m, and the external radius of the coating is 3.4
nm.
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the rf range. Thus, the analysis carried out in this paper
forms the basis for development and optimization of experi-
ments for therapeutic applications, including selective ther-
molysis of cancer cells and thermoacoustic imaging.
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APPENDIX: APPROXIMATE EXPRESSIONS FOR THE
ELECTRIC FIELD INSIDE THE DIELECTRIC
COATING OF SWCNTS

The aim of the Appendix is the derivation of an approxi-
mate analytical expression for the electric field inside the
dielectric coating. Our approach is based on the assumption
that the scattered field near the SWCNT surface at a point
with coordinate z is induced mainly by the current in the
interval �z−h ,z+h�, where R�h�L /20.

Let us proceed from the expression for electric field scat-
tered by a SWCNT determined according to Eq. �9� as

Ez
�c���,z� =

R

i��w
�

−L/2

L/2

j�c��z��

��
0

2 � �2

�z2 + k2�g�z − z�,�,R,��d�dz�,

�A1�

E�
�c� =

R

i��w
�

−L/2

L/2

j�c��z���
0

2 �2

�z � �
g�z − z�,�,R,��d�dz�.

�A2�

After replacement �g�z−z� ,� ,R ,�� /�z→−�g�z
−z� ,� ,R ,�� /�z� in Eq. �A2� and integration by parts with
application of the edge condition for SWCNT current
j�c���L /2�=0 we arrive to the expression for E�

�c��z ,��,

E�
�c� =

R

i��w

�

��
�

0

2 �
−L/2

L/2 � j�c��z��
�z�

g�z − z�,�,R,��dz�d� .

�A3�

As the function g�z−z� ,� ,R ,�� quickly decreases with in-
creasing the value z−z� the main contribution of the integra-
tion over z� comes from the small vicinity near point z. This
permits one to suppose �j�c��z�� /�z���j�c��z� /�z for points
located far from the edges �z��L /2−5R and change the in-
tegration limits

�
−L/2

L/2

� . . . �dz� → �
−�

�

� . . . �dz�. �A4�

Then, Eq. �A3� can be transformed as

E�
�c� �

R

i��w

� j�c��z�
�z

�

��
�

0

2 �
−�

�

g�z − z�,�,R,��dz�d� .

�A5�

From Eq. �A5� we can calculate E�
�c� in the quasistatic

limit �k→0� as

E�
�c��z,�� � −

R

i��w�

� j�c�

�z
if �R � � � b

�z� � L/2 � . �A6�

Numerical calculation shows that Eq. �A6� is a good ap-
proximation of Eq. �A2� for all points near the SWCNT sur-
face, with the exception of the CNT edges. The range of
inapplicability of Eq. �A6� is very narrow, �z��L /2−5R, and
their contribution into the SWCNT response is small and can
be neglected. Therefore, we shall apply approximate Eq.
�A6� along the entire tube.

Let us now calculate the scattered field E�d�. From Eq.
�10� in the quasistatic limit �k→0� we have

E�d� �
1

i��w
grad div�

V

e��j���r��g0��r − r���dr�

=
− 1

i��w
grad �

V

divr��e��j���r��g0��r − r����dr�

+
1

i��w
grad �

V

g0��r − r���divr��e��j���r���dr�,

�A7�

where g0=1 /4��r−r��� is the Green function in the quasi-
static limit. The first term on the right of Eq. �A7� equals
zero. Then, the radial and axial components of the vector E�d�

are

E�
�d��z,�� =

1

i��w
�

0

b �
0

2 �
−L/2

L/2 �

��
g0�z − z�,�,��,��

�
����j���

���
dz�d�d��, �A8�

Ez
�d��z,�� =

1

i��w
�

0

b �
0

2 �
−L/2

L/2 �

�z
g0�z − z�,�,��,��

�
����j���

���
dz�d�d��. �A9�

For points inside the dielectric coating analogous to Eq. �A2�
in Eqs. �A8� and �A9� we shall suppose j��z��= j��z� and
make replacement �A4�. Then, Eq. �A8� can be reduced to
the following expression

E�
�d��z,�� =

1

i��w
�

0

b ����j���

���

�
�

��
�

0

2 �
−�

�

g�z − z�,�,��,��dz�d�d��.

�A10�

After integration over z� and � in Eq. �A10� analogically to
Eq. �A5� and simple integration over �� we have

114302-9 Shuba et al. J. Appl. Phys. 108, 114302 �2010�

Downloaded 01 Dec 2010 to 129.89.58.128. Redistribution subject to AIP license or copyright; see http://jap.aip.org/about/rights_and_permissions



E�
�d� � −

j�

i��w
, �R � � � b

�z� � L/2 � . �A11�

After substitution of Eqs. �A6� and �A11� into Eq. �4� we
have

j� = 	�E�
�d� + E�

�c�� =
�w	

�s
E�

�c� = −
R	

i��s�

� j�c�

�z
. �A12�

Equation �A9� after the differentiation over z and the replace-
ments �A4� and j���z��→ j���z� has the form

Ez
�d� �

1

4i��w
�

0

b ����j���

���
�

0

2 �
−�

� �z − z��
�r − r��3

d��d�dz�.

�A13�

The subintegral function in Eq. �A13� is odd with respect to
z�−z and give zero contribution to Eq. �A13� after integra-
tion over z�. Thus, we can conclude that Ez

�d� ����R,b�

�Ez
�c� ����R,b�. It is not difficult to show that the inequality

Ez
�d��Ez

�c� is true for any point on the space. So, the z com-
ponent of the total field is determined mainly as a superpo-
sition of the incident field and the z-component of the elec-
tric field scattered by the SWCNT,

Ez � E0 + Ez
�c�. �A14�

Approximate expressions �A5�, �A6�, and �A11� are the
result of the Appendix. They hold true near the SWCNT
surface at �z��L /2−5R �not close to the SWCNT edges� in
the approximation of negligibly small axial depolarizing field
of SWCNT coating.
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