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The RCS of a Microstrip Dipole Deduced 
from an Expansion of Pole Singularities 

George W. Hanson and Dennis P. Nyquist 

Abstract-The singularity expansion method (SEM) is applied to the 
steady-state analysis of plane wave scattering from microstrip dipoles. 
The current induced on the antenna is expanded in a series of natural 
modes, where the amplitude of each term in the expansion is expressed as 
a coupling coefficient weighted by a simple frequency pole. Natural modes 
occur at pole singularities of the antenna current in the complex frequency 
plane, and are found by a numerical root search of a homogeneous matrix 
equation. This formulation results in an accurate and efficient calculation 
of the radar cross section (RCS) of microstrip dipoles which exhibit some 
appreciable resonant characteristics, where it is found that the current 
resonance dominates the response of the antenna. The SEM applied here 
yields good physical insight into the scattering behavior of such antennas. 
Results obtained with the SEM analysis are compared with a full-wave 
method of moments (MOM) solution. 

I. INTRODUCTION 
Microstrip antennas frequently find application on vehicles since 

they are lightweight, conformal, and relatively inexpensive. Because 
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Fig. 1. Microstrip dipole geometry. 

they are often found on the exterior of vehicles, determination of 
their RCS is important. While the radiation and input properties 
of microstrip dipoles have been studied extensively, their scattering 
properties have only recently been addressed [ 11, although scattering 
from microstrip patch antennas has been considered by several 
authors [2]-[4]. 

In this work, the RCS of a microstrip dipole based upon a pole- 
singularity expansion (PSE) of the antenna current is presented. The 
current expansion is formed as a series of natural modes, where 
a “natural mode” refers to a complex resonant frequency and the 
associated current distribution. The amplitude of each term in the 
series is given by a coupling coefficient weighted by a simple 
frequency pole. The coupling coefficients, which are overlap integrals 
between the natural modes of the antenna and the incident excitation, 
are similar in form to the “class 1” coupling coefficients used in the 
well-known singularity expansion method (SEM) [5]-[7], although 
their evaluation is complicated by the presence of the Green function 
for the microstrip environment. 

The RCS of several microstrip dipole configurations is presented, 
and results are compared with a full-wave MOM solution. The 
efficiency and accuracy of this method, as well as the range of its 
applicability, are discussed. It is found that the PSE method provides 
good physical insight into the dominant scattering phenomena for 
dipoles printed on generally lossy thin substrates. 

11. THEORY 
The geometry of a microstrip dipole is shown in Fig. 1. The 

dielectric cover and substrate, regions 1 and 2, respectively, are 
assumed to be linear, isotropic, and homogeneous, with relative 
permitivity E,, and loss tangent tan 6, for the ith region. The wave 
number and intrinsic impedance in each region are IC, = &IC0 and 
qz = qo/fi, where ( k o ,  70)  are their free-space counterparts. For 
the results presented here the cover region is assumed to be free 
space, and the substrate is nonmagnetic. 

The electric field in the cover maintained by currents in the cover is 

where E“(? I F ’ )  is an appropriate electric dyadic Green function 
for the layered geometry [8]. Scattering from a microstrip dipole is 
deduced from the EFIE 
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obtained by enforcing the tangential boundary condition for the 
electric field at the perfectly conducting dipole surface S .  The field 
2; is the impressed excitation and i is a unit vector tangent to the 
perfectly conducting dipole. 

- + . . . . i , ( F )  dS 

A. Singularity Expansion Formulation 

[lo]: 
The current in (2) is expanded in a series of pole singularities [9], 

(3) 

4 

where wQ is a complex natural frequency, IC, is the natural-mode 
current distribution associated with the qth natural mode, and A ,  
is the corresponding amplitude coefficient. The pth natural mode 
satisfies the homogeneous EFIE 

i .  1 E e ( F I  F ' ;  w) . i , (F')dS' = 0 . .  ."E s (4) 

with nontrivial solutions only for w = w,. 
The excitation amplitude for natural-mode current, A,, relates the 

amplitude of the qth natural mode to the impressed excitation. These 
amplitudes are determined from the fundamental EFIE (2) and current 
expansion (3) upon invoking reciprocity of the Green dyad kemel, 
Gag(? I F ' )  = Gpa(F' I F). The derivation of A, ,  which is referred 
to as a coupling coefficient in the SEM literature [7], is summarized 
as follows. 

The integral operator j, dS i , ( F )  . {. ' .}, which performs the 
t^. {. . .} operation, is applied to EFIE (2), yielding 

s, dS' I?(?). s, Ee(F I F; w) . i , ( F )  dS 

- - -"I i p ( F ) .  E i ( F ) d S ,  
171 s 

where reciprocity of the Green dyad has bze: invoked. Since domi- 
nant interactions are expected for w M w,, G ( F  1 F ' ;  U )  is expanded 
in a Taylor's series about w = w,, leading to 

J, as' I?(?') . s, [Ee(?' I F, w,) 

- - -"/ i,(.'). E i ( F ) d S .  
171 s 

The leading term vanishes because of (4); consequently 

jIC1 1 . i , ( F )  dS = -- i , ( F ) .  E:(?) dS. 
171 s 

Singularity expansion (3) is exploited in the above, leading to 

In the limit w -+ w, only the q = p term is nonvanishing, resulting 
in the coupling coefficient 

where natural-mode currents are normalized such that (reciprocity 
invoked again) 

The coupling coefficients (5)  quantify the amplitude of resonant 
antenna currents i_nduced by fields maintained by curr5nts elsewhere 
in the system. If E; maintained by impressed current J' is expressed 
as a volume integral in the form of ( l ) ,  and reciprocity of the Green 
dyad is invoked, coupling coefficient A,  becomes 

The inner integral is seen to be proportional to the natural-mode field 
in the cover, 

Ef(F) - -jm ICl 1 G (.'I F ' )  . i,(?')dS', (8) 

leading to the coupling coefficient 

If the incoming plane wave is polarized in the ti direction, an 
equivalent dipole source in the cover layer at ( T I ,  81, $1) which 
produces this unit amplitude wave is 

The coupling coefficient is then reduced to 

where 2: can be evaluated in closed form by the method of stationary 
phase since TI  is assumed large for RCS applications. 

Subsequent to identification of the natural current resonances and 
evaluation of coupling coefficients (1 l), the current induced on 
the antenna by the impressed excitation is completely determined. 
The field scattered by the antenna is found from (1) as a sum of 
appropriately weighted natural-mode fields: 

The radar cross section is computed as 

a m p  = 4rr21Ecp12, (13) 

assuming that the incident plane wave is polarized in the ti direction 
and has unit amplitude. 

B. Determination of Natural Modes 
Singularity expansion (3) is expressed in terms of the natural 

modes of the microstrip dipole, obtained from (4) by a full-wave 
MoWGalerkin solution. The current is expanded in a set of entire- 
domain basis functions, 

N 

i p ( x ,  Y) = C a p n B n ( x 7  ~ ) 7  (14) 
n = l  
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Fig. 2.  Comparison of the RCS versus frequency for a microstrip dipole 
evaluated by the PSE and MOM methods. er2 = 2.2, I = 2.5 cm, w = 0.08 
cm, 0 = 60°, 4 = O", t = 0.15 cm, tan 62 varies. 

with 

chosen to approximate the natural mode current distribution. Since 
(15) models the fundamental resonances of the antenna, convergence 
of the MOM solution is expected to be relatively rapid. Numerically 
this was found to be true, and typically a single term of (14) yields 
accurate results. Testing with the same function results in a matrix 
equation for the pth natural mode: 

where 

and Eln is the field in the cover caused by the nth basis function. 
The complex resonant frequency w = L J ~  is found by a numerical 
root-search. 

111. RESULTS 
A full-wave, entire-domain basis function Galerkin solution of 

(2) was obtained to provide a comparison with the approximate 
PSE method. Basis functions (15) were used as both expansion and 
testing functions. To confirm the accuracy of the MOM solution, a 
comparison with previously published results [ 11 was performed for 
a variety of substrate thicknesses, polarizations, and excitation angles, 
and agreement was found to be very good. 

The RCS of a microstrip dipole versus frequency for a 5.0 cm x 
0.16 cm dipole printed on a substrate with E,Z = 2.2 is shown in Fig. 
2. The excitation geometry is 6' = 60", 4 = O", and the monostatic 
RCS, n e e ,  is shown as loss in the substrate varies for a substrate 
thickness of 0.15 cm. The frequency range extends over the first 
three resonant peaks, 41-43 in (3), corresponding to alternating even 
and odd modes. It can be seen that the PSE method yields results 
that are in good agreement with the MOM solution. 

-50 , ' , ' ' ,  ' I  ' , (  1 ' I  , ' ' I  ' I ,  * ' ' I ,  ' ' 
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Fig. 3 .  RCS of a microstrip dipole evaluated at the first three resonant 
frequencies ( q  = 1, 2, 3) as the substrate thickness is varied. erg = 2.2, 
tan 62 = 0.01. I = 2.5 cm, M = 0.08 cm, 0 = 60°, q5 = 0". 

It was found that for tan 62 > 0.5, the RCS does not exhibit 
any resonant behavior, and the PSE solution differs from the MOM 
solution by several dl3. The PSE method is accurate for dipoles which 
exhibit some appreciable resonance, although it is seen that the dipole 
need not have an overly high Q. 

The variation of RCS with substrate thickness is shown in Fig. 3 for 
the dipole of Fig. 2 with tan 62 = 0.01. The monostatic RCS, uee, 
is shown as t varies. The RCS is evaluated at the first three resonant 
frequencies, f q l - f q 3 ,  with 6' = 60", 4 = 0". The fundamental mode, 
4 = 1, is weakly excited for very thin substrates, since the dipole 
and its image support an antisymmetric current mode, with little 
radiation. As the substrate thickness increases, the RCS evaluated at 
the fundamental resonance becomes dominant. Although not shown 
here, it was found that for broadside incidence, the fundamental mode 
became dominant much more quickly than depicted in Fig. 3. 

For the results shown here, four natural-mode terms were used in 
current expansion (3). Each resonant frequency was found by a root 
search of (16) using one expansion function. The solution for the 
natural modes was relatively unaffected by increasing the number of 
expansion terms. 

IV. DISCUSSION 
The PSE method is found to be an accurate and computationally 

efficient method for determining the RCS of microstrip dipoles 
printed on thin, generally lossy substrates. In order to implement the 
PSE solution, the natural-mode frequency and current distribution 
corresponding to each resonance must be determined. This requires 
a numerical root search of (16), which typically converges in a 
few iterations. A single basis function solution provides sufficient 
accuracy since the current distribution exactly at resonance is desired, 
and so the computation time for each natural mode is relativity short. 
It is important to note that the natural mode frequencies are excitation 
independent, and the normalization constant for each natural mode is 
excitation and frequency independent. Subsequent to numerical cal- 
culation of the natural-mode frequencies and normalization constants, 
the RCS ( 1  3) is generated as a function of frequency in closed form 
for any polarization or excitation angle. To evaluate the RCS for 
several different excitations, only the complex resonant frequencies 
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and normalization constants need to be stored, i.e., two complex 
numbers per resonance. The same analysis via the MOM solution 
would require storage of the impedance matrix at many frequencies 
in the range of interest. 
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Direction and Polarization Estimation Using 
Arrays with Small Loops and Short Dipoles 

Jian Li 

V. SUMMARY 
The singularity expansion method (SEM) is applied to the steady- 

state analysis of plane wave scattering from microstrip dipoles. 
The current induced on the antenna is expanded as a series of 
pole-singularity terms, where each pole singularity corresponds to 
a natural mode of the dipole. These natural modes occur at complex 
frequencies, and are found efficiently by a numerical root search 
of a homogeneous matrix equation. This formulation results in an 
accurate and efficient calculation of the radar cross section (RCS) of 
microstrip dipoles which exhibit some appreciable current resonance. 
The pole singularity expansion provides good physical insight into the 
scattering behavior of such dipoles, and results are presented which 
illustrate the accuracy of the method. 
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Abstruct- This paper shows that when polarization-sensitive arrays 
consisting of crossed small loops and short dipoles are used, one can 
eliminate the requirement in the ESPRIT algorithm that sensors must 
occur in matched pairs. The dipoles and loops are sensitive to the polar- 
izations of incident electromagnetic plane waves. The dipoles are sensitive 
to the incident electric field components and the loops to magnetic field 
components of the incident waves. We exploit the invariance properties 
among the dipole and loop outputs of an arbitrary array of orthogonal 
loops and orthogonal dipoles to compute both the two-dimensional arrival 
angles and polarizations of incoming narrow-band signals. We also show 
that with dipoles and loops, vertical arrays are not necessary to obtain 
good direction estimates for signals from low angles. 

I. INTRODUCTION 
Many array signal processing algorithms have been devised for 

estimating the directions of arrival (DOA) of multiple narrow-band 
plane waves from sensor array data. Compared with the angle 
estimation, however, polarization estimation of electromagnetic plane 
waves has attracted much less attention. Moreover, the advantages of 
different polarization-sensitive arrays may be further exploited. 

The problem of estimating signal polarizations along with arrival 
angles has been discussed previously by several authors. Schmidt 
[I] used the difference in polarizations of signals to improve their 
angle estimates. Ferrara and Parks [2] considered how to incorporate 
signal polarizations in Capon’s minimum variance estimator [3], 
in the adapted angular response spectrum of Borgiotti and Kaplan 
[4], and in the MUSIC spectrum of Schmidt [5], [I]. Ziskind and 
Wax [6] described the use of the simulated annealing technique 
of Kirkpatrick et al. [7] to find maximum likelihood estimates of 
signal polarizations and arrival angles. Weiss and Friedlander [8] 
derived Cramer-Rao bounds for angle and polarization estimates 
when incident signals are linearly polarized and array elements are 
diversely circularly polarized. Li and Compton [9] presented how 
to use the computationally efficient ESPRIT algorithm of Roy and 
Kailath [IO] to compute angle and polarization estimates with an 
array of crossed dipoles. Finally, Nehorai and Paldi [ 111 examined 
the advantages of using sensors that measure both electric and 
magnetic field components by deriving Cramer-Rao bounds. None 
of the previous work, however, has recognized the advantages of 
measuring both the electric and magnetic field components with a 
polarization-sensitive array in the ESPRIT algorithm. 

The purpose of this paper is to show that when polarization- 
sensitive arrays consisting of crossed small loops and short dipoles 
are used, one can eliminate the requirement in the ESPRIT algorithm 
that sensors must occur in matched pairs. The dipoles and loops are 
sensitive to the polarizations of incident electromagnetic plane waves. 
The dipoles are sensitive to the incident electric field components and 
the loops to magnetic field components of the incident waves. We 
exploit the invariance properties among the dipole and loop outputs. 
We show how the ESPRIT algorithm may be used with an arbitrary 
array of orthogonal loops and orthogonal dipoles to compute both 
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